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Microstrip patch antennas are employed in a variety of commercial and military applications due
to their versatility, low profile, and ability to be easily fabricated. In this thesis, a microstrip patch
antenna is made from artificial magnetic conductor (AMC) unit cells that excite the dominant
transverse electric (TE) mode via an L-strip coplanar with the AMC patch layer. Integration of the
L-strip into the unit cell layer of the AMC patch and the ground layer of the AMC patch is
investigated and full-wave analyzed. To improve gain radiation pattern symmetry about the
broadside direction, the AMC patch is shifted laterally with respect to the ground plane. Four
antennas are simulated, two of which are fabricated and measured. The measured results are in
good agreement with the simulations; therefore, the coplanar L-strip excitation technique
successfully eases fabrication for TE-mode antennas, which require significantly less surface area
than TM-mode microstrip patch antennas.
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1

Introduction

1.1

Preface

In the mid 1800’s, James Clerk Maxwell attempted to physically demonstrate
Faraday’s law of induction. This eventually led him to the idea that electricity, magnetism, and light are all part of the same unified force: electromagnetism. Maxwell’s
original 20 equations describing the behavior of electromagnetic phenomena were
pieced together from the ideas of Faraday, Lenz, and Neumann. These equations
were eventually compacted to only four equations by Oliver Heaviside using vector
calculus; this form of the equations is the most common form seen today and are
given by
∇ · D = ρv

(1.1)

∇·B=0

(1.2)

∂B
∂t
∂D
∇×H=J+
∂t
∇×E=−

(1.3)
(1.4)

where D is the electric flux density, B is the magnetic flux density, E is the electric
field intensity, H is the magnetic field intensity, and J is the electric current density.
The electric flux density D is related to the electric field intensity by D = εE, where
ε is the permittivity of the medium, and the magnetic flux density B is related to
the magnetic field intensity by B = µH, where µ is the permeability of the medium.

1

Maxwell theorized that electric and magnetic fields, inherently coupled, could
propagate together through space as a single wave. Heinrich Hertz set out to experimentally verify the radiation and propagation of such a wave in 1888. By doing this,
Hertz essentially created the first antenna, a device that converts electric current
into radiation that can propagate through a medium. In 1894, Guglielmo Marconi,
building on the work of Hertz, developed the first wireless telegraphy system in his
parents’ attic at the age of 20; this system used radio waves to wirelessly transmit
and receive the information contained in a telegraph message. Marconi experimented
with different primitive antenna designs and shapes to increase the range and viability of his wireless telegraph. After completing multiple outdoor experiments and
increasing the height of the transmitting and receiving antennas as well as the distance between them, Marconi was able to reliably transmit radio waves distances
of approximately 200 miles; his work culminated with his reception of a telegraph
message across the Atlantic Ocean, a distance of nearly 2,000 miles [1]. Marconi’s
pioneering in wireless radio communication and the development of the first reliable
wireless telegraphy system were monumental achievements that drastically changed
the world forever.
One arena that greatly benefited from wireless radio communication was the
battlefield. Unintentionally, Marconi changed the entire dynamic of warfare. Further
technological advances in the early 1900’s allowed the transmission of voice messages
via radio signals. In World War I, the ability to transmit radio signals was used to
warn soldiers of impending poisonous gas attacks, guide airship bombing runs, and
communicate with battleships and airplanes [2].

2

Radio communications and the use of antennas were heavily woven into the fabric
of World War II. The novel development of radar, using radio waves to detect objects
and provide range and object orientation, was undergone in extreme secrecy by the
United States, the United Kingdom, Germany, and several other nations during the
extent of the war. Radar systems proved incredibly valuable, thus scientific progress
was heavily accelerated, eventually producing phased array antenna systems. Phased
arrays were extensively investigated and a variety of antenna elements were used
and experimented with; for example, early microwave search radars used paraboliccylinder antennas fed by slotted waveguides [3].
For today’s battlefield, the use of radar and microwave signals are so heavily
relied on that they have spawned an entirely new arena: electronic warfare. For example, microwaves are used for global positioning systems (GPS), creating images via
synthetic aperture radar (SAR) and remote sensing, missile guidance systems, early
warning missile detection systems, object identification and discrimination via radar
cross-section (RCS), and intercontinental ballistic missile detection, tracking, and
interception. The uses of radio and microwave transmissions for non-warfare related
purposes are just as vast: wireless cellular services, amplitude modulation (AM)
and frequency modulation (FM) radio communications, meteorology and weather
measurement, commercial aviation, navigation systems, and many others.
The science of antennas, radio waves, and microwave propagation has undergone
incredible study and experimentation since it was first theorized approximately 150
years ago. Antenna design has captured the hearts and minds of new generations
of scientists and engineers as the field becomes increasingly more important to a
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variety of commercial and military applications. Antennas are currently being made
of engineered materials with fascinating properties; for example, current antenna
experiments have used meta-materials [4], [5], plasma [6], and water [7], [8] as the
medium to transmit and receive radiation. From humble beginnings to rapid scientific
acceleration, the possibilities of antenna design have become limitless.

1.2

Thesis Objective

The main purpose of this thesis is to combine the idea of a coplanar L-strip
excitation verified by [9] with a patch antenna operating in the dominant transverse
electric (TE) mode given in [10] and [11]; originally, excitation of the TE mode in
a Microstrip patch antenna was simulated in [12]. The antenna described in [10] is
recreated using the given antenna specifications and unit cell dimensions; the L-probe
is then replaced using a coplanar L-strip, and the results of L-strip integration are
simulated and compared. Two of the proposed antennas are fabricated and measured
results are obtained and compared to their respective simulations. By incorporating
the feeding structure for TE-mode antennas in this way, the fabrication process is
greatly simplified with a feeding method that is less prone to matching errors caused
by L-probe misalignment.

1.3

Thesis Introduction

This thesis reviews the background theory of the following topics: microstrip
patch antennas and excitation methods, the general design procedure of microstrip
patch antennas, artificially engineered materials and high-impedance surfaces, L4

probe excitation, derivation of the homogeneous wave equation, TM and TE modes
in a rectangular cavity, image theory, the field equivalence principle, the microstrip
patch cavity model, and microstrip patch radiation equations. The design details
and simulation results for three different TE-mode microstrip patch antennas using
coplanar L-strip excitation and operating at 4.14 GHz are discussed; the artificial
magnetic conductor (AMC) unit cells composing the patch and ground layers are
designed for operation between 4-5.5 GHz.
The following simulation results are discussed: a verification of the TE-mode
patch excited by L-probe proximity coupling given in [10], the TE-mode patch with
the coplanar L-strip integrated into the unit cell layer of the AMC patch, the TEmode patch with the coplanar L-strip integrated into the ground layer of the AMC
patch where the AMC patch is centered on the AMC ground plane, and the TE-mode
patch with the coplanar L-strip integrated into the ground layer of the AMC patch
where the AMC patch is shifted along the AMC ground plane to compensate for the
radiation pattern asymmetry caused by the probe.
Antenna prototypes were fabricated for the models in which the coplanar L-strip
is integrated into the AMC patch ground layer for both the centered and shifted
AMC patches. The antennas were measured in the Spherical Near-Field Anechoic
Chamber at the University of Alabama in Huntsville. These results are discussed
in relation to the simulation results. Finally, a conclusion is presented along with
several ideas for future research.
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2

Background Theory and Literature Review
This chapter discusses the necessary theory for understanding microstrip patch

antenna design and excitation, transverse electric and transverse magnetic modes,
the microstrip patch cavity model, microstrip patch radiation equations, and the
concept of microstrip patch excitation via a coplanar L-strip.

2.1
2.1.1

Microstrip Patch Antenna Introduction and Design
Overview of Microstrip Patch Antennas

Microstrip patch antennas were first introduced in 1953 by Deschamps [13], [14],
but were implemented practically in 1972-73 by Munson [15], [16], [17], and Howell
[18]. Microstrip patch antennas are a type of planar antenna whose basic structure
involves a radiating conducting patch placed above a thin dielectric substrate situated
on a supportive conducting ground plane; the conducting patch shape is essentially
arbitrary [19] and can take the form of a near infinite number of geometries such as
a rectangle, circle, annular ring, triangle, bowtie, and many other optimized designs
depending on application.
According to [19] and [20], some advantages and disadvantages of microstrip patch
antennas are:
Advantages
• lightweight and low-profile
• low radar cross-section
6

• easy and inexpensive to fabricate
• can be easily designed for linear or circular polarization operation
• can be easily designed for dual or multiple-frequency operation
• can be conformed to different surfaces and are easily mountable on airplanes
and missles
• high radiation efficiency of 80-99% [21]
Disadvantages
• narrow impedance bandwidth, typically less than 5%
• possible excitation of surface waves
• practical limitations on maximum gain
• low power handling capability
Much study and experimentation has been completed on increasing the bandwidth of microstrip patch antennas; bandwidths of 50% have been achieved [19] and
surface wave excitation has been suppressed or eliminated through different design
and fabrication techniques [19]. Microstrip patch antennas are heavily utilized in a
variety of military, space, and commercial applications. Intense research of microstrip
patch antennas will continue, and more uses and applications will be discovered.
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2.1.2

Perfect and Artificial Conductors

A perfect electrical conductor (PEC) is an ideal material that contains charges
capable of moving freely under the applied action of an electric field; similarly, a
perfect magnetic conductor (PMC) contains charges capable of moving freely under
the applied action of a magnetic field [22]. Simply put, perfect conducting materials
perfectly allow electric or magnetic charge to losslessly flow through them, and are
ideal for applications that involve traveling current, such as electronics and antennas.
A majority of microstrip patch antennas are made from PEC-like materials.
Some materials in nature very closely mimic the properties of PECs, such as
copper and silver, which allow for efficient flow of electric current. Perfect magnetic conductors, which perfectly impede the flow of electric current due to infinite
impedance, do not exist naturally and must be created; these materials are termed
artificial magnetic conductors (AMCs) and usually consist of periodic PEC structures specifically designed and arranged to mimic the boundary conditions of a PMC
by creating a surface with a very high-impedance. These periodic, high-impedance
structures are only able to mimic a PMC material over a given frequency range and
are termed electromagnetic band-gap (EBG) structures [23].
2.1.3

General Excitation Methods for Microstrip Patch Antennas

There are four common methods for microstrip patch excitation: coaxial probe
feeding, transmission line feeding, proximity coupling, and aperture coupling; each
method will be reviewed along with an equivalent circuit, but more in-depth information is available in [19], [24], and [25].
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The first method, coaxial probe feeding, is realized by using an SMA probe to
excite the microstrip patch by direct contact; the inner conducting part of the probe
is connected to the patch, and the outer conducting part of the probe is connected to
the ground plane. The antenna impedance varies along the patch dimensions. Thus,
the probe location at which the antenna impedance is matched to the characteristic
probe impedance, which is commonly 50Ω, must be calculated and verified. Coaxial
probe feeding is easy to realize, impedance match, and has low spurious radiation [19];
however, it has inherently low bandwidth, can generate higher-order modes that
produce cross-polarized radiation, and has a large inductance for thick substrates.
[25], [19]. Figure 2.1 depicts the equivalent circuit and the corresponding antenna
cross-section of a microstrip patch excited via coaxial probe feeding.

Figure 2.1: (a) Equivalent Circuit for Coaxial Probe Feeding Technique and (b)
Corresponding Antenna Cross-Section.
The second method, transmission line feeding, is realized by exciting a conducting strip on the patch layer that is directly connected to the patch; the width of
the conducting strip is usually much smaller than the width of the patch, and thus,
its radiation is negligible. Impedance matching is completed by controlling the inset position of the conducting strip relative to the edge of the patch (how far the
9

conducting strip extends into the patch) and is simple to model and fabricate [25].
However, transmission line feeding can produce spurious radiation for thick substrates and can generate higher-order modes that produce cross-polarized radiation.
The transmission line feeding technique has the same equivalent circuit as the coaxial
probe feeding technique and is depicted in Figure 2.2 with its corresponding antenna
cross-section.

Figure 2.2: (a) Equivalent Circuit for Transmission Line Feeding Technique and (b)
Corresponding Antenna Cross-Section.
The third method, proximity-coupled feeding, also termed electromagnetic coupling, causes patch excitation through the coupling of the probe or transmission-line
fields with the fields of the patch, avoiding direct contact with the patch [24]. Proximity coupling produces the smallest amount of spurious radiation and has the highest
bandwidth when compared to the other feeding methods, but has poor polarization
purity [24], [25]. Two ways to utilize the proximity coupling technique are using a
transmission line or an L-shaped probe. A transmission line requires a multilayer
fabrication in which the transmission line is placed between two substates, the top
of the upper substrate containing the patch and the bottom of the lower substrate
containing the ground plane. Figure 2.3 contains the equivalent circuit and corre10

sponding antenna cross-section for a microstrip patch excited by proximity coupling
via a transmission line.

Figure 2.3: (a) Equivalent Circuit for Proximity Coupling Feeding Technique Using
a Transmission Line and (b) Corresponding Antenna Cross-Section.
The other proximity coupling method, using an L-probe, may require a single
substrate, but requires precise alignment of the probe with the patch and ground
plane. The L-probe consists of a probe with both vertical and horizontal components; the vertical component adds an inductance to the equivalent circuit and the
horizontal component adds a capacitance. The impedance matching and radiation
characteristics can degrade if the horizontal component of the probe is not perfectly
parallel with the ground plane and patch. Figure 2.4 shows the equivalent circuit and
the corresponding antenna cross section for a microstrip patch excited by proximity
coupling via an L-probe [9].
The fourth method, aperture-coupled feeding, involves two substrates separated
by a ground plane. The patch is located at the top of the upper substrate, the ground
plane is located between the two substrates, and a transmission line is located at the
bottom of the lower substrate; the energy in the transmission line is coupled to the
11

Figure 2.4: (a) Equivalent Circuit for Proximity Coupling Feeding Technique Using
an L-Probe and (b) Corresponding Antenna Cross-Section.
patch through a slot in the ground plane [25]. The aperture coupling technique is
the hardest of the four methods to fabricate but allows independent optimization of
the radiating element and the feed [25]. Figure 2.5 illustrates the equivalent circuit
for a patch excited by the aperture-coupled feeding technique and its corresponding
antenna cross-section. A more detailed analysis of patch feeding via aperture coupling for circular and rectangular slots in the ground plane is given in [26], and the
concept of using aperture-coupled patches as a broadbanding technique is discussed
in [19].

Figure 2.5: (a) Equivalent Circuit for Aperture Coupling Feeding Technique and (b)
Corresponding Antenna Cross Section.
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In this section, the four common feeding techniques for microstrip patch antennas
were discussed. However, only two methods will be particularly relevant in this thesis:
coaxial probe feeding and proximity coupling via an L-probe.
2.1.4

Fringing Field

Because the length and width of a microstrip patch are finite, the fields at the
patch edges are subject to fringing [25]; that is, as the field lines propagate through
the substrate, they spread out. The amount of fringing is a function of the substrate
height, the substrate dielectric constant, the patch dimensions, and the operating
frequency. Fringing occurs in both the length and width dimensions, causing the
patch to appear electrically longer and wider than it is physically. In the case of
proximity coupling, when a small slot is cut into the ground plane, fringing of the
field lines will also occur through and around the slot [26].
Figure 2.6 shows the fringing electric field lines in the patch length dimension for
a coaxial probe-fed patch. The total effective length of the patch is the combination
of the physical length and the additional electrical length ∆L added by the fringing
electric field. The same applies for the patch width, but is not shown in Figure 2.6 for
simplicity. According to [27], for an antenna to radiate efficiently, a thick substrate
with low permittivity should be chosen in order to avoid concentrations of the fields
within the substrate.
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Figure 2.6: Fringing Field Along the Length Dimension of a Microstrip Patch.

2.1.5

Microstrip Patch Design Procedure and Corresponding Equations

Microstrip patch antenna design can be accomplished using the Transmission
Line Model, which states that a microstrip patch antenna and its corresponding
ground plane can be approximated as a half-wavelength-long transmission line operating in its dominant mode [28]. Compared to other methods of solving microstrip
antennas, the transmission line model requires the fewest calculations and provides
adequate enough results for most engineering purposes [25], [20]; however, the transmission line model is applicable only to rectangular microstrips.
The general microstrip patch design procedure for the dominant mode [25] follows:
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1. Select the operating frequency (f ), the dielectric constant (εr ), and the dielectric
height (h). The height of the dielectric can be increased to meet higher bandwidth
requirements.
2. Determine the effective length (Le ) of the antenna, given by
Le =

λd
λ0
1
c
=
·√ = √
2
2
εe
2f εe

(2.1)

where c is the speed of light, λd is the wavelength in the dielectric, λ0 is the free-space
wavelength, and εe is the effective dielectric constant.

3. Determine the effective dielectric constant (εe ) by
εe =

εr + 1
(εr − 1)/2
+q
2
(1 + 10(h/Le )

(2.2)

As a side note, εe should be smaller than εr .
4. Determine the patch length added to each side by the fringing field. The added
length is found by
∆L = 0.412h

εe + 0.3 (Le /h) + 0.264
·
εe − 0.258 (Le /h) + 0.8

(2.3)

such that the total effective length of the patch including the fringing field is given
by
Le = L + 2∆L
where L is the physical length of the patch.
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(2.4)

5. For the TM-mode patch, the antenna width is determined such that it is between
the range 1.2L < W < 1.8L. The center of this range, 1.5L, is selected so that the
TM-mode patch width is determined by [29]
W = 1.5L = 1.5(Le − 2∆L)

(2.5)

Per electromagnetic duality, the antenna width for the TE-mode patch is determined
such that it is between the range

L
1.2

<W <

L
;
1.8

a width value of L/1.5 was selected

for this thesis. Therefore, the TE-mode patch width is determined by
W =

L
(Le − 2∆L)
=
1.5
1.5

(2.6)

6. For a probe-fed patch, the probe location is determined by using the formula
q

Le
−1
sin
2R0 GB
`f =
π

(2.7)

where R0 is the impedance to be matched, and GB is the patch conductance, given
by
1
GB =
3πη0

(K0 W )2
(1.32 + 0.68 cos(0.77K0 Le ))
1 − (K0 W )2 /60
!

(2.8)

where η0 is the intrinsic impedance of free-space and K0 is the wave number for the
free-space wavelength, i.e., K0 = 2π/λ0 . For a TM-mode patch, the probe is moved
along the length of the patch, and for a TE-mode patch, the probe is moved along
the width of the patch. Patch dimensions and general probe locations for a TM- and
TE-mode patch can be seen in Figure 2.7. Since the length of the patch remains the
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same, and the width of the TE-mode patch will be smaller than the length, the area
of the TE-mode patch will be significantly smaller than that of the TM-mode patch;
this is verified in [11] and is a practical reason for selecting a TE-mode patch over a
TM-mode patch.

Figure 2.7: Dimensions and Probe Locations for (a) a Standard TM-Mode Patch
and (b) a Standard TE-Mode Patch; the Probes are Denoted by Red Circles.

2.2

Artificially Engineered Impedance Surfaces and the AMC
Unit Cell

An artificially engineered impedance surface is a material or surface designed to
have specific impedance boundary conditions that produce desirable radiation and
pattern characteristics [23]. For example, electromagnetic band-gap (EBG) structures are artificially engineered materials that only allow electric current flow and
wave propagation at certain frequencies; these structures closely emulate PMC materials [23].
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Surface waves on a TM-mode microstrip patch occur on the interface between
the PEC patch and air; the waves are bound to the surface and decay exponentially
outward until the waves reach the edge of the patch [30]. A smooth conducting
surface, such as a PEC plate, has low surface impedance, whereas a textured surface
made of periodic PEC unit cells (in which the periodicity is much less than the wavelength) has high surface impedance [30]. The high surface impedance prevents the
propagation of surface waves at certain frequencies and allows propagation at others.
Some elements commonly used for unit cells in periodic high-impedance surfaces are
mushroom-type structures [30], Jerusalem crosses, square spirals, hexagons, circular disks, various slot geometries, different loop and center-connected elements, and
combinations of these [31]. A high-impedance surface can be composed of single or
multiple layers of unit cells or be contained in a single structure such as a corrugated
metal slab [30]; two layers of unit cells are used to create the AMC in [32].
AMC materials and EBG structures have applications in military and defense in
the form of radar-cross section reduction [33], [34], [35] as well as antenna miniaturization and low-profile antennas [36], [37]. Unique and novel AMC unit cell ideas
continue to be proposed [38], [39], [40] from which different EBG structures can be
constructed. For an AMC unit cell to operate as a PMC at a desired frequency, the
reflection phase must be between ±45◦ ; at 0◦ , the AMC will act perfectly as a PMC
but will also produce satisfactory results anywhere within the ±45◦ range.
In this thesis, the AMC patch and AMC ground plane are made of unit cells proposed in [10], which is a slightly altered version of the original unit cell in [40]. The
AMC unit cells operate between 4-5.5 GHz and are situated on Rogers RO3010 [41]
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substrate with dielectric constant 10.2. A single unit cell was simulated independently of [10], and the same results were obtained. The unit cell dimensions and
reflection phase over 3-6 GHz are shown in Figure 2.8.

Figure 2.8: (Left) Unit Cell with dimensions W = 6.6 mm, a = 0.2 mm, b = 2.5
mm, and c = 4.8 mm; (Right) Unit Cell Reflection Phase for 3-6 GHz, Indicating
the Desired 4.14 GHz Frequency is within the ±45◦ Boundaries.
The desired frequency for this thesis is 4.14 GHz. The unit cell constructed in [10]
has a reflection phase of approximately 38◦ at 4.14 GHz, which is sufficient for the
unit cell to operate as an AMC; therefore, the unit cell was used as-is and did not
have to be modified. The ground plane and patch dimensions are identical to those
used in [10]: an 8 × 8 unit cell AMC ground plane and a 5 × 3 unit cell AMC patch;
the patch length is 5 unit cells and the patch width is 3 unit cells. The AMC ground
plane and AMC patch are both fabricated onto separate 0.635 mm thick Rogers
RO3010 substrates [41] that are separated by 3 mm of air; the two Rogers substrates
are connected via four plastic screws placed at the corners so as to not interfere with
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Figure 2.9: (a) AMC Ground Plane Made from an 8 × 8 Unit Cell Lattice, and (b)
AMC Patch Made from a 5 × 3 Unit Cell Lattice.
the unit cells. The ground plane and patch geometry are shown in Figure 2.9, and a
cross-section of the antenna showing the unit cell layers, ground planes, and overall
antenna construction is depicted in Figure 2.10.
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Figure 2.10: Unit Cell and Ground Plane Locations for the Proposed TE-Mode
Antenna.

2.3

Review of L-Probe Excitation and Coplanar L-Strip Integration for Microstrip Patch Antennas

Using an L-shaped probe to excite a microstrip patch antenna was originally
investigated in [42]; a variation on this, using a transmission line in an L-shape,
termed an L-strip, was investigated in [43]. More experiments using L-probes to
excite microstrip patch antennas are conducted in [44], [45], [46], and [47]. The main
motivation behind using an L-probe was the bandwidth enhancement it provided
over conventional probe feeding; [42] was able to achieve a bandwidth larger than
30% using an L-probe.
A conventional coaxial probe acts as an inductor which degrades bandwidth performance due to impedance mismatch, whereas the L-probe acts as a capacitor in
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series with an inductor [19]; the capacitance of the horizontal probe component cancels with the inductance of the vertical probe component causing better impedance
matching, and thus, increasing bandwidth performance. The equivalent circuit models for the conventional probe and the L-probe are shown in Figures 2.1 and 2.4,
respectively.
Probe inductance, which causes impedance mismatch between the patch and the
input connector, was first suggested to be cancelled with a capacitive gap etched into
the patch surface [48]. This eventually led to the concept of using a U-slot to increase
microstrip patch bandwidth [49], [50]. The U-slot method effectively accomplishes
the same result as the L-probe, significantly increasing bandwidth performance by
creating a capacitance that cancels with the conventional probe inductance.
By combining the L-probe and capacitance slot methods, an L-probe can be
formed with a conventional vertical probe and a horizontal strip in the patch layer
that is connected to the probe and surrounded by a rectangular ring cutout; termed
an L-strip, this excitation method has the same equivalent circuit as that of a conventional L-probe. This concept was successfully implemented for a TM10 mode patch
in [9]; Figure 2.11 depicts an overhead view of a patch with a coplanar L-strip and
corresponding rectangular ring cutout. This thesis proposes similar L-strip implementation, but for a patch operating in the TE10 mode. For a TE-mode patch, an
L-probe must be used for excitation since Hz , the component of the magnetic field
in the z-direction, must be nonzero, and Ez , the component of the electric field in
the z-direction must be zero.
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Figure 2.11: Overhead View of Microstrip Patch with Coplanar L-Strip and Rectangular Ring Cutout.

2.4

Homogeneous Wave Equation, Transverse Electric and
Transverse Magnetic Modes in a Cavity

2.4.1

Derivation of the Homogeneous Wave Equation

The electric and magnetic fields inside a cavity must satisfy the homogeneous
wave equation, meaning the wave equation can be used to solve for the electric
and magnetic fields. The homogeneous wave equation is fundamental for solving
the microstrip patch cavity model, so it is worthwhile to derive it starting with
the Faraday-Maxwell Law; this law ultimately states that a circulating electric field
induces a changing magnetic field and vice versa [51]. The differential form of the
Faraday-Maxwell law is given by
∇×E=−

∂B
∂t

(2.9)

where E is the electric field intensity vector with electric field components Ex , Ey ,
and Ez , each component being a function of variables x, y, z, and time t; the magnetic
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flux density vector B is related to the magnetic field intensity vector H by B = µH,
where µ is the magnetic permeability. Similar to the electric field, H has magnetic
field components Hx , Hy , and Hz that are each functions of x, y, z, and time t.
Assuming the electric and magnetic fields have a sinusoidal time variation (i.e.,
are time-harmonic) allows the Faraday-Maxwell equation to be written in phasor
form
∇ × E · ejωt = −

∂B · ejωt
∂t

(2.10)

with angular frequency ω and time-variation t. Further clarification can be achieved
by replacing B with µH. Solving the time derivative of the right side yields
∇ × E · ejωt = −jωµH · ejωt

(2.11)

If the time-variation of the fields is known to be sinusoidal, then the time dependence
does not need to be carried around explicitly in the calculations [52]. Therefore,
letting Ē = E ·ejωt and H̄ = H ·ejωt , where Ē and H̄ are the phasor forms of the
electric and magnetic fields respectively, simplifies the Faraday-Maxwell equation to
the final form

∇ × Ē = −jωµH̄

(2.12)

Next, the Ampere-Maxwell law states that an electric field that changes in time
along with an electric current produces a circulating magnetic field [51]. In general,
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the Ampere-Maxwell equation is given by
∇×H=J+ε

∂E
∂t

(2.13)

where ε is the electric permittivity of the medium and J is the conduction current
density vector and is related to the electric field intensity vector by J = σ E. Making
this substitution for the conduction current density and writing the field vectors as
time-harmonic fields gives
∇ × H · ejωt = σE · ejωt + ε

∂E · ejωt
∂t

(2.14)

Taking the time derivative on the right side and adding the previous substitutions
for Ē and H̄ in phasor form gives

∇ × H̄ = (σ + jωε)Ē

(2.15)

The Faraday-Maxwell equation and the Ampere-Maxwell equation are both utilized in deriving the homogeneous wave equation, which begins by taking the curl of
the Faraday-Maxwell equation in Equation (2.12) to obtain
∇ × (∇ × Ē) = −jωµ(∇ × H̄)

(2.16)

Then, the (∇ × H̄) term in Equation (2.16) can be replaced by (σ + jωεo )Ē from
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Equation (2.15) to give
∇ × (∇ × Ē) = −jωµ(σ + jωε)Ē

(2.17)

Then, applying the vector identity
∇ × (∇ × A) = ∇(∇ · A) − ∇2 A

(2.18)

to Equation (2.17) gives the form
∇(∇ · Ē) − ∇2 Ē = −jωµ(σ + jωε)Ē

(2.19)

which contains Gauss’s law on the left side of the equation. The phasor form of
Gauss’s law in a source-free region is given by
∇ · Ē = 0

(2.20)

−∇2 Ē = −jωµ(σ + jωε)Ē

(2.21)

Substituting (2.20) into (2.19) gives

Then, a variable γ can be defined such that
∇2 Ē = γ 2 Ē, γ 2 , jωµ(σ + jωε)
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(2.22)

where γ is the propagation constant and is squared for mathematical convenience.
Rearranging Equation (2.22) gives the final form of the homogeneous wave equation,
known as the Helmholtz equation. For the electric field, the homogeneous wave
equation is given by

∇2 Ē − γ 2 Ē = 0

(2.23)

Similar steps can be taken to derive the homogeneous wave equation for the magnetic
field; for brevity, this is given by

∇2 H̄ − γ 2 H̄ = 0

(2.24)

To reiterate, these wave equations are the result of solving Maxwell’s equations
inside a rectangular cavity. Therefore, the electric and magnetic fields in any rectangular cavity must satisfy these equations; utilizing these equations to solve for
electric and magnetic fields inside the cavity is the focus of the next section.
2.4.2

Derivation of the Electric and Magnetic Fields in a Rectangular
Cavity

An electromagnetic cavity is any structure that allows for the storage of electromagnetic energy in the form of standing waves [54]; this is a particularly useful
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concept when analyzing microstrip patch antennas. A general rectangular cavity is
depicted in Figure 2.12 with length a, width b, and height c.

Figure 2.12: General Rectangular Cavity of Length a, Width b, and Height c.
The propagation constant γ from Equation (2.22) can be expanded as
γ 2 = jωµ(σ + jωε) = jωµσ − ω 2 µε

(2.25)

Assuming a lossless cavity for simplicity, γ can be written as
√
√
γ = jω µε −→ γ = jk , k = ω µε

(2.26)

where k is the wave number. Rewriting Equation (2.23) in terms of the wave number
k gives the wave equation
∇2 Ē + k 2 Ē = 0
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(2.27)

and rewriting Equation (2.24) in terms of the wave number k gives the wave equation
∇2 H̄ + k 2 H̄ = 0

(2.28)

To solve for the electric and magnetic fields in a cavity, we assume the fields
satisfy their respective homogeneous wave equations. To prevent being repetitive,
only the electric fields will be solved; per electromagnetic duality, the magnetic fields
can be solved in a similar manner. For notation sake, assume that all E and H fields
include the phasor ejωt , such that Ē = E and H̄ = H. To begin, the wave equation
for the electric field in Equation (2.27) can be written as
∇2 E(Ex , Ey , Ez ) + k 2 E(Ex , Ey , Ez ) = 0

(2.29)

explicitly showing the electric field components. Only the z-component of the electric
field is analyzed for simplicity; other transverse components of the electric field can
be solved in a similar manner shown. For the z-component, Equation (2.29) can be
written as
∇2 Ez + k 2 Ez = 0

(2.30)

Explicitly writing the laplacian for the z-component of the electric field gives
∂ 2 Ez ∂ 2 Ez ∂ 2 Ez
+
+
+ k 2 Ez = 0
∂x2
∂y 2
∂z 2

(2.31)

Next, using the method of separation of variables for differential equations, we assume
that Ez can be written as a product of independent functions of each variable x, y,
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and z such that
Ez = X(x) Y (y) Z(z)

(2.32)

causing (2.31) to become
Y (y)Z(z)

∂ 2 X(x)
∂ 2 Y (y)
∂ 2 Z(z)
+
X(x)Z(z)
+
X(x)Y
(y)
= −k 2 X(x)Y (y)Z(z)
∂x2
∂y 2
∂z 2
(2.33)

Dividing both sides by X(x)Y (y)Z(z) gives the result
1 ∂ 2 Y (y)
1 ∂ 2 Z(z)
1 ∂ 2 X(x)
+
+
= −k 2
2
2
2
X(x) ∂x
Y (y) ∂y
Z(z) ∂z

(2.34)

Since X(x), Y (y), and Z(z) are independent of each other, the sum of these terms
can only equal −k 2 if each term is a constant [23]. Therefore, (2.34) can be written
as three separate differential equations in terms of its variable (x, y, or z) and its
wave number (kx , ky , or kz ). The three differential equations are
1 ∂ 2 X(x)
∂ 2 X(x)
2
=
−k
+ kx2 X(x) = 0
=⇒
x
2
2
X(x) ∂x
∂x

(2.35)

∂ 2 Y (y)
1 ∂ 2 Y (y)
2
=
−k
=⇒
+ ky2 Y (y) = 0
y
2
2
Y (y) ∂y
∂y

(2.36)

1 ∂ 2 Z(z)
∂ 2 Z(z)
2
=
−k
=⇒
+ kz2 Z(z) = 0
z
2
2
Z(z) ∂z
∂z

(2.37)

where the sum of the independent wave numbers must equal k 2 , that is
kx2 + ky2 + kz2 = k 2
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(2.38)

The second order differential equations in (2.35), (2.36), and (2.37) can be solved
by using the method of undetermined coefficients. Since only sinusoids can satisfy
f 00 = −f , the solution must be a superposition of sine and cosine functions such that
Equations (2.35), (2.36), and (2.37) become
X(x) = Acos(kx x) + Bsin(kx x)

(2.39)

Y (y) = Ccos(ky y) + Dsin(ky y)

(2.40)

Z(z) = Ecos(kz z) + F sin(kz z)

(2.41)

where A, B, C, D, E, and F are constant coefficients. Each independent function is
represented as a standing wave since there is no propagation in a cavity. Combining
all solutions from Equations (2.39), (2.40), and (2.41) to form the z-component of
the time-harmonic electric field Ez gives the final result
Ez = [AE cos(kx x)+BE sin(kx x)][CE cos(ky y)+DE sin(ky y)][EE cos(kz z)+FE sin(kz z)]
(2.42)
where AE , BE , CE , DE , EE , and FE indicate the constant coefficients for the electric
field. Through a nearly-identical set of steps, the z-component of the time-harmonic
magnetic field Hz is calculated to be
Hz = [AH cos(kx x)+BH sin(kx x)][CH cos(ky y)+DH sin(ky y)][EH cos(kz z)+FH sin(kz z)]
(2.43)
where AH , BH , CH , DH , EH , and FH indicate the constant coefficients for the magnetic field.
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For a microstrip patch antenna, the height of the substrate along the z-direction
is much smaller than the operating wavelength. Therefore, the value of z becomes
negligible, making Z(z = 0) = 1. Thus, the final equations for the electric and
magnetic fields in the z-direction become

Ez = [AE cos(kx x) + BE sin(kx x)][CE cos(ky y) + DE sin(ky y)]

(2.44)

Hz = [AH cos(kx x) + BH sin(kx x)][CH cos(ky y) + DH sin(ky y)]

(2.45)

To find the remaining components of the electric and magnetic field (Ex , Ey , Hx ,
and Hy ), E and H given by
E = Ex (x, y, z)âx + Ey (x, y, z)ây + Ez (x, y, z)âz

(2.46)

H = Hx (x, y, z)âx + Hy (x, y, z)ây + Hz (x, y, z)âz

(2.47)

are substituted into the Faraday-Maxwell equation from Equation (2.12) as
"

∇ × E = âx

#

"

#

"

#

∂Ez ∂Ey
∂Ex ∂Ez
∂Ey ∂Ex
−
+ ây
−
+ âz
−
= −jωµH (2.48)
∂y
∂z
∂z
∂x
∂x
∂y

and are substituted into the Ampere-Maxwell equation from Equation (2.15) as
"

∇ × H = âx

#

"

#

"

#

∂Hx ∂Hz
∂Hy ∂Hx
∂Hz ∂Hy
−
+ ây
−
+ âz
−
= jωεE (2.49)
∂y
∂z
∂z
∂x
∂x
∂y

Then, the Ex , Ey , Hx , and Hy components are able to be solved. Using the property
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∇ × A = (∇ × Ax âx , ∇ × Ay ây , ∇ × Az âz ), we can form separate equations for each
of the components such that
∂Ez ∂Ey
−
= −jωµHx
∂y
∂z

(2.50)

∂Hz ∂Hy
−
= jωεEx
∂y
∂z

(2.53)

∂Ex ∂Ez
−
= −jωµHy
∂z
∂x

(2.51)

∂Hx ∂Hz
−
= jωεEy
∂z
∂x

(2.54)

∂Ey ∂Ex
−
= −jωµHz
∂x
∂y

(2.52)

∂Hy ∂Hx
−
= jωεEz
∂x
∂y

(2.55)

Since the variation along the z-direction is essentially zero due to a small substrate
height relative to the operating wavelength, any derivative with respect to z will be
zero. Therefore, the general equations for Ex , Hx , Ey , and Hy become

j ∂Ez
= Hx
ωµ ∂y

(2.56)

−j ∂Hz
= Ex
ωε ∂y

(2.58)

−j ∂Ez
= Hy
ωµ ∂x

(2.57)

j ∂Hz
= Ey
ωε ∂x

(2.59)

which are all functions of either Ez or Hz , which were calculated as Equations (2.44)
and (2.45), respectively.
In this section, all electric field components (Ex , Ey , and Ez ) and magnetic field
components (Hx , Hy , and Hz ) were solved in a cavity with respect to the z-direction.
2.4.3

Dominant TE and TM Modes in a Cavity

The transverse electric mode with respect to the z-direction (T E z ) is a field
configuration in which the electric field only has components that are normal to the
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z-direction, i.e., Ez = 0 and Hz 6= 0. Additionally, the transverse magnetic mode
with respect to the z-direction (T M z ) is a field configuration in which the magnetic
field only has components that are normal to the z-direction, i.e., Hz = 0 and Ez 6= 0.
A more detailed review of the TE and TM modes is given in Appendix A and B.
Applying the boundary conditions of PEC side walls, the component of the magnetic field in the z-direction for the TE-mode is given by
mπx
Hz = H0 cos
a




nπy
cos
b




(2.60)

where m and n are the number of half-wave cycles along the length a and width
b of the cavity respectively. For the TM-mode, the PMC boundary conditions are
applied to the side walls of the cavity, and the component of the electric field in the
z-direction is given by
mπx
Ez = E0 cos
a




nπy
cos
b




(2.61)

The boundary conditions and full derivations of all field components (Ex , Ey , Ez , Hx , Hy ,
and Hz ) for each of the TE and TM modes in a cavity are given in Appendix A and
Appendix B, respectively. This thesis is only concerned with excitation of the dominant TE and TM modes, which are the lowest set of m,n values that result in nonzero
fields. Both the dominant TE and TM modes occur at m = 1, n = 0, as this is the
lowest set of m,n values that gives nonzero field components; m = 1, n = 0 is selected
instead of m = 0, n = 1 as it is standard practice to have the cavity length longer
than the cavity width [53]. Therefore, the magnetic field in the z-direction for the
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dominant TE10 mode is given by

Hz = H0 cos



πx
a



(2.62)

and the electric field in the z-direction for the dominant TM10 mode is given by

πx
Ez = E0 cos
a




(2.63)

Equations (2.62) and (2.63) are utilized in the next section to calculate the farfield radiation equations for the microstrip patch cavity model. Field line configurations for the dominant and higher-order TE and TM modes in rectangular and
circular waveguides can be seen in [55] and [23].

2.5
2.5.1

Cavity Model for TE- and TM-Mode Microstrip Patches
General Microstrip Patch Cavity Model

The microstrip patch cavity model states that a microstrip patch antenna can be
approximated as a dielectric-loaded cavity with a patch at the top and bottom of
the cavity; the top patch is the radiating element, the bottom patch is the ground
plane, and each side of the cavity is treated as an individual aperture. This general
antenna model is depicted in Figure 2.13.
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Figure 2.13: General Cavity Model Consisting of a Patch, a Ground Plane, and
Rectangular Apertures.
2.5.2

Image Theory

Image theory, or the method of images, is a mathematical concept for analyzing
antenna radiation characteristics near an infinite plane conductor, such as a ground
plane [25]. In idealized cases, ground planes are either defined as a PEC or PMC material. A ground plane near a radiating source or antenna element can reflect incident
waves or cause a reversal in the incident wave polarization. Image theory examines
these reflections and polarity reversals for both electric and magnetic current sources
in the presence of PECs and PMCs.
Image theory states that if an isotropic source radiates at some height h above a
conducting ground plane, an equivalent, hypothetical source can be placed at a height
-h below the ground plane; this effectively replaces the ground plane contributions
(reflections and polarization changes) and allows the ground plane to be completely
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removed from the analysis. The image source will either contribute to the overall
radiation, acting as a wave perfectly reflected by the ground plane, or the image
source will completely cancel the incident radiation, acting as a wave reflected by
the ground plane with opposite polarization. This system of actual and image sources
can then be analyzed to approximate the total radiated fields of the actual source.
Figure 2.14 depicts electric and magnetic sources and their images in the presence
of a PEC ground plane. The vertically-polarized electric source and horizontallypolarized magnetic source will have their radiation perfectly reflected by the PEC,
so their final magnitudes are doubled. The horizontally-polarized electric source and
the vertically-polarized magnetic source have images with opposite polarizations, indicating that waves from these actual sources are effectively cancelled when reflecting
off the PEC ground; this cancellation satisfies the PEC boundary condition in which
the tangential component of the electric field must be zero at all points along the
PEC material.

Figure 2.14: Electric and Magnetic Sources Over a Perfect Electrical Conducting
Ground Plane with Corresponding Image Sources.
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Figure 2.15 depicts electric and magnetic sources and their images in the presence of a PMC ground plane. Waves from the horizontally-polarized electric source
and the vertically-polarized magnetic source undergo perfect reflection off the PMC
ground, resulting in a doubling of each final field magnitude.

Waves from the

vertically-polarized electric source and the horizontally-polarized magnetic source
undergo a polarization reversal due to reflection off the PMC ground. Since the
image sources have opposite polarizations, any radiation from the actual source is
cancelled through destructive interference; this satisfies the PMC boundary condition that the tangential component of the magnetic field must be zero at all points
along the PMC.

Figure 2.15: Electric and Magnetic Sources Over a Perfect Magnetic Conducting
Ground Plane with Corresponding Image Sources.
Image theory allows difficult reflection problems to be replaced by an equivalent
problem that is much easier to solve; it is a very useful mathematical concept and
is primarily used in this thesis to analyze the radiation contributions by different
apertures of the microstrip patch cavity model for TE- and TM-mode patches.
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2.5.3

Field Equivalence Principle

The theory of field equivalence incorporates image theory to calculate equivalent
current densities on the apertures of the dielectric-loaded cavity; these equivalent
current densities are used to calculate the far-field radiation of a microstrip patch
antenna. The terms ”slot” and ”aperture” are used interchangeably and refer specifically to the four vertical walls of the cavity.
For the TM-mode, the patch and ground plane are made of PEC, and the peripheral sides of the cavity are loaded with PMC, resulting in four outward-facing PMC
slots. Per electromagnetic duality, the patch and ground plane for the TE-mode, are
made of PMC, and the peripheral side walls of the cavity are loaded with PEC; this
results in four outward-facing PEC slots. The slots for each case can be defined by
an equivalent electric current density given by
Jslot = n̂ × Hslot = Htangential

(2.64)

and an equivalent magnetic current density given by
Mslot = −n̂ × Eslot = Etangential

(2.65)

where Hslot and Eslot are the respective magnetic and electric fields present at each
slot. Equations (2.64) and (2.65) indicate that the electric current density depends
on the tangential component of the magnetic field, and the magnetic current density
depends on the tangential component of the electric field. Therefore, if the slot is

39

made from PEC, whose boundary condition states that Etangential = 0, the PEC slot
will have Jslot 6= 0 and Mslot = 0; likewise, if the slot is made from PMC, whose
boundary condition states that Htangential = 0, the PMC slot will have Jslot = 0 and
Mslot 6= 0. Figure 2.16 depicts the PEC and PMC slots with their equivalent electric
and magnetic current densities.

Figure 2.16: PEC and PMC Slot Equivalent Current Densities.
The PMC slot situated on the PEC ground plane can be treated as a magnetic
source at some height h above the PEC, and the PEC ground can be replaced with an
equivalent image magnetic source some height -h below the ground plane. Similarly,
the PEC slot situated on the PMC ground plane can be treated as an electric source
at some height h above the PMC, and the PMC can be replaced with an equivalent
electric image source a at a height -h. Due to the removal of the ground planes
and the addition of the image sources, the PMC slot will have a doubled equivalent
magnetic current density, and the PEC slot will have a doubled equivalent electric
current density; this is depicted in Figure 2.17.
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Figure 2.17: PEC and PMC Slot Equivalent Current Densities After Removing Their
Ground Planes.
2.5.4

Microstrip Patch Cavity Model - Radiation Contributions from
TE10 -Mode Cavity Slots

Utilizing equivalent electric current densities, we are able to solve for the radiated
electric and magnetic fields of a microstrip patch antenna operating in the TE-mode;
in this case, the patch and ground are PMC, and the side walls of the cavity are loaded
with PEC. Since the cavity has four total apertures, the fields must be solved for
each; Figure 2.18 shows the four PEC apertures used in calculating the PMC patch
radiation.

Figure 2.18: PMC Patch and Corresponding PEC Apertures.
To calculate the PMC patch radiation equations, the component of the magnetic
field in the z-direction for each of the four apertures must be solved. For the aperture
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along the y-direction (0 < y < b) at x = 0, Hz becomes
Hn̂=−âx = Hz (x = 0) = H0 cos



π·0
âz −→ Hn̂=−âx = H0 âz
a


(2.66)

for the dominant TE10 mode. Since each slot is made from PEC, the equivalent
electric current density must be solved; for the aperture along the y-direction (0 <
y < b) at x = 0 this is given by
Jn̂=−âx = n̂ × Hn̂=−âx = (−âx ) × (H0 âz ) −→ Jn̂=−âx = H0 ây

(2.67)

Similarly, for the aperture along the y-direction (0 < y < b) at x = a, Hz becomes
π·a
âz −→ Hn̂=+âx = H0 âz
= Hz (x = a) = H0 cos
a




Hn̂=+âx

(2.68)

for the dominant TE10 mode, and solving the equivalent electric current density gives
Jn̂=+âx = n̂ × Hn̂=+âx = (âx ) × (−H0 âz ) −→ Jn̂=+âx = H0 ây

(2.69)

Since this pair of apertures, known as the y-apertures, forms a system of two
radiating elements, array theory must be utilized to solve for their collective radiation
contribution. Therefore, each aperture is treated as an equivalent point source, one
at x = 0 and one at x = a, and the array factor of the system is calculated; the array
factor is a summation of the element contributions based on their relative positioning.
An equivalent two-element system for the y-apertures can be seen in Figure 2.19.
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Figure 2.19: Two-Element Array Situated Along the X-Axis.
For an N number of elements displaced from each other by a distance d in the
x-direction, the general array factor expression is given by
AF =

N
−1
X

(2.70)

ejkdn sinθ cosφ

n=0

where k is the wave number, d is the spacing between elements, and n is the element
index. The final radiated pattern of the two-element array is computed by the
multiplication of the individual pattern of each element and the array factor. Solving
Equation (2.70) for the case of two elements with radiator 1 at the origin and radiator
2 shifted a distance a along the x-axis gives
AF = 1 · ej·0 + 1 · ejk sinθ cosφ·a = 1 + ejk sinθ cosφ·a
a

AF = ejk 2

sinθ cosφ



a

e−jk 2
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sinθ cosφ

a

+ ejk 2

sinθ cosφ



(2.71)
(2.72)

Letting X , k a2 sinθ cosφ and using the Euler identity for cosine results in the final
form of the array factor expression for the y-apertures, given by





AFy−apertures = ejX e−jX + ejX −→ AFy−apertures = 2ejX cos X

(2.73)

Next, the contribution due to the apertures situated along the x-direction (the
x-apertures) are calculated. For the aperture at y = 0 along the x-direction (0 <
x < a), the Hz becomes
Hn̂=−ây = Hz (y = 0) −→ Hn̂=−ây

πx
âz
= H0 cos
a




(2.74)

which is entirely independent of the value of y. Calculating the equivalent electric
current source gives
Jn̂=−ây = n̂ × Hn̂=−ây

πx
πx
= (−ây ) × (H0 cos
âz ) −→ Jn̂=−ây = −H0 cos
âx
a
a
(2.75)








For the aperture in the x-direction (0 < x < a) at y = b, the Hz becomes
Hn̂=+ây = Hz (y = b) −→ Hn̂=+ây
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πx
âz
= H0 cos
a




(2.76)

with the equivalent electric current density
Jn̂=+ây = n̂ × Hn̂=+ây = (ây ) × (H0 cos



πx
πx
âz ) −→ Jn̂=+ây = H0 cos
âx
a
a
(2.77)






Array theory is now applied since the equivalent current densities for the xapertures is known. The equivalent two-element array for the x-apertures is shown
in Figure 2.20.

Figure 2.20: Two-Element Array Situated Along the Y-Axis.
The only difference is that Radiator 2 will have a -1 magnitude due to the difference
in sign between the equivalent current densities given in Equations (2.75) and (2.76).
Solving for the array factor for the x-apertures yields
AF = 1 · ej·0 − 1 · ejk sinθ sinφ·b = 1 − ejk sinθ sinφ·b
b



b

b

AF = ejk 2 sinθ sinφ e−jk 2 sinθ sinφ − ejk 2 sinθ sinφ
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(2.78)
(2.79)

b

b



b

AF = −ejk 2 sinθ sinφ ejk 2 sinθ sinφ − e−jk 2 sinθ sinφ



(2.80)

Letting Y , k 2b sinθ sinφ and using the Euler identity for sine gives the final form
of the x-apertures array factor expression





AFx−apertures = ejY −ejY + e−jY −→ AFx−apertures = −2jejY sin Y (2.81)

For Equation (2.81) the opposite phase of each of the x-apertures causes a
purely imaginary radiation contribution, thus, the x-apertures are termed the ”nonradiating” apertures since their radiation contribution is considered negligible [25].
The array factor for the y-apertures in Equation (2.73) gives a purely real radiation contribution due to the equivalent electric current densities having in-phase
components; therefore, the y-apertures are termed the ”radiating apertures” [25].
2.5.5

Microstrip Patch Cavity Model - Derivation of Radiated Fields for
Dominant TE10 -Mode Patch

The previous section was concerned with finding the radiation contribution of a
two-element slot array. The total radiation is the patten multiplication of the array
factor and the individual element contribution, known as the element pattern. As
a side note, mismatch between the element pattern and the array factor can cause
degradation in the radiation pattern; a more detailed analysis is shown in [56].
The field equivalence principle for equivalent electric current densities of a PEC
slot shown in Figure 2.17 is used to solve for the element pattern of a single aperture.
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Only the y-apertures contribute to the radiation, so calculations involving the xapertures are not necessary. The equivalent current density becomes
Jslots = 2n̂ × Hslots = 2H0 ây

(2.82)

Next, the radiated electric field components (Er , Eθ , Eφ ) are solved using the formulas for a radiating rectangular aperture; Er = 0 due to the far-field approximation.
The electric and magnetic field components in the far field, whose derivation can be
found in [25], are given by
Er = 0

Hr = 0

(2.83)

jke−jkr
(Lφ + ηNθ )
4πr
jke−jkr
Eφ =
(Lθ − ηNφ )
4πr
Eθ = −

(2.86)

jke−jkr
Lθ
(Nφ − )
4πr
η
−jkr
jke
Lφ
Hφ = −
(Nθ +
)
4πr
η

(2.84)

Hθ =

(2.85)

(2.87)
(2.88)

where Nθ , Nφ , Lθ , and Lφ are given as
Nθ =

ZZ

Nφ =

ZZ

Lθ =

ZZ

Lφ =

ZZ

0

[Jx cosθcosφ + Jy cosθsinφ − Jz sinθ]ejkr cosψ ds0

(2.89)

0

(2.90)

S

[−Jx sinφ + Jy cosφ]ejkr cosψ ds0

S
0

[Mx cosθcosφ + My cosθsinφ − Mz sinθ]ejkr cosψ ds0

(2.91)

S
0

[−Mx sinφ + My cosφ]ejkr cosψ ds0

(2.92)

S

where r0 cosψ is the differential displacement along the aperture dimensions in spher47

ical coordinates. Derivations of Nθ , Nφ , Lθ , and Lφ are not included here for brevity,
but are derived in [25].
Nθ and Nφ are the only equations from (2.89)-(2.92) that contain an electric
current density term; therefore, Nθ 6= 0, Nφ 6= 0, Lθ = 0, and Lφ = 0. Simplifying
the field components given in equations (2.83)-(2.88) results in
Er = 0

Hr = 0

(2.93)

jke−jkr
(ηNθ )
Eθ = −
4πr
jke−jkr
Eφ =
(−ηNφ )
4πr

(2.96)

jke−jkr
Hθ =
(Nφ )
4πr
jke−jkr
Hφ = −
(Nθ )
4πr

(2.94)
(2.95)

(2.97)
(2.98)

A simplified form of Nφ is obtained by

Nφ =

Zh Zb

0

0

[2H0 ] cosφ ey sinθ sinφ+z cosθ dy 0 dz 0

(2.99)

0 0

Nφ = 2H0 cosφ

Zh

e

jkz 0 cosθ

dz

0

Zb

ejky

0

sinθ sinφ

dy 0

(2.100)

0
jkz 0

e cosθ
Nφ = 2H0 cosφ
jk cosθ
"

0

#h "
0

0

ejky sinθ sinφ
jk sinθ sinφ

#b

(2.101)
0

Applying the limits of integration yields
ejkh cosθ − 1
Nφ = 2H0 cosφ
jk cosθ
"
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#"

ejkb sinθ sinφ − 1
jk sinθ sinφ

#

(2.102)

Further simplification of each numerator into the exponential form of sine and cosine
yields


Nφ = 2H0 cosφ · (e

jk h
2



h

h

jk 2 cosθ
− e−jk 2 cosθ 
cosθ  e
·
)
jk cosθ



jk 2b

(e

b

Using the Euler formula for sine and multiplying by 1 in the forms

jk h
2

Nφ = 2H0 cosφ · (e



b

jk 2 sinθ sinφ
− e−jk 2 sinθ sinφ 
sinθ sinφ  e
)
(2.103)
jk sinθ sinφ

2 sin(k h2 cosθ)
cosθ
)
k cosθ
"

#

jk 2b sinθ sinφ

(e

h/2
h/2

and

b/2
b/2

gives

!

h/2
·
h/2

2 sin(k 2b sinθ sinφ)
)
k sinθ sinφ
"

#

b/2
b/2

!

(2.104)

Even further simplification gives

Nφ = 2H0 cosφ (e

jk h
cosθ
2

jk 2b sinθ sinφ

)(e

sin(k h2 cosθ)
)(bh)
·
k h2 cosθ
"

#

"

sin(k 2b sinθ sinφ)
k 2b sinθ sinφ

#

(2.105)

Substituting Z , k h2 cosθ and Y , k 2b sinθ sinφ into Equation (2.105) results in the
final form of Nφ , given as

Nφ = 2H0 (bh) cosφ e

j(Z+Y )
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sin Z
Z



sin Y
Y



(2.106)

Following a nearly identical set of steps, Nθ can be obtained, and for brevity, is given
by

Nθ = 2H0 (bh) cosθ sinφ ej(Z+Y )



sin Z
Z



sin Y
Y



(2.107)

The radiated fields Eθ , Hθ , Eφ and Hφ can be obtained by substituting Equations
(2.106) and (2.107) into Equations (2.94), (2.95), (2.97), and (2.98) accordingly. The
resulting radiated field components for a single aperture for the dominant TE10 can
then be written as
Er,T E10 = 0

(2.108)

sin Z
jkbhηH0 e−jkr j(Y +Z) sin Y
e
cosθ sinφ
2π
r
Y
Z

 

jkbhηH0 e−jkr j(Y +Z) sin Y
sin Z
=−
e
cosφ
2π
r
Y
Z


Eθ,T E10 = −
Eφ,T E10

 



Hr,T E10 = 0

Hφ,T E10

(2.110)
(2.111)

jkbhH0 e−jkr j(Y +Z) sin Y
sin Z
e
cosφ
2π
r
Y
Z

 

jkbhH0 e−jkr j(Y +Z) sin Y
sin Z
=−
e
cosθ sinφ
2π
r
Y
Z

Hθ,T E10 =

(2.109)



 



(2.112)
(2.113)

where Y , k 2b sinθ sinφ and Z , k h2 cosθ. Equations (2.108)-(2.113) can be further
simplified if the assumption is made that the aperture height h is much smaller than
the operating wavelength (i.e., h << λ), then
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sinZ
Z

≈ 1.

Since equations (2.108)-(2.113) are the radiated field components from a single
aperture, the overall microstrip radiation is solved by multiplying Equations (2.108)(2.113) by the array factor expression given in Equation (2.73). This results in the
final microstrip patch radiation equations for the TE10 mode, given by

Er,T E10 = 0

(2.114)

jkbhηH0 e−jkr j(X+Y +Z) sin Y
=−
e
cosθ sinφ cosX
π
r
Y


jkbhηH0 e−jkr j(X+Y +Z) sin Y
=−
e
cosφ cosX
π
r
Y


Eθ,T E10
Eφ,T E10



Hr,T E10 = 0

(2.116)
(2.117)

jkbhH0 e−jkr j(X+Y +Z) sin Y
e
cosφ cosX
π
r
Y


jkbhH0 e−jkr j(X+Y +Z) sin Y
=−
e
cosθ sinφ cosX
π
r
Y


Hθ,T E10 =
Hφ,T E10

(2.115)



(2.118)
(2.119)

where the following substitutions are made

X,

ka
sinθcosφ
2
(2.120)

Y ,

kb
sinθsinφ
2
(2.121)

Z,

kh
cosθ
2

(2.122)

Radiation pattern plots for the Hθ,T E10 and Hφ,T E10 cuts are shown in Figure 2.21.
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Figure 2.21: Principal Plane Cuts of TE10 Radiation Pattern.

2.5.6

Microstrip Patch Cavity Model - Radiation Contributions from
TM10 -Mode Cavity Slots

The focus of this thesis is concerned with the dominant TE10 mode, but for
completeness, the dominant TM10 mode and its radiation equations are discussed
in this section and the next; this section focuses on the array factor contributions,
and the next section focuses on the individual aperture radiation and final radiation
equations.
Utilizing equivalent magnetic current densities, the electric and magnetic fields of
a microstrip patch antenna operating in the dominant TM10 mode can be calculated.
For the TM10 case, the patch and ground are PEC, and the side walls of the cavity
are loaded with PMC; this is depicted in Figure 2.22. The fields must be solved for
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each of the four apertures.

Figure 2.22: PEC Patch and Corresponding PMC Apertures.
Calculating the array factor for the TM10 mode patch follows a nearly identical
process as calculating the array factor for the TE10 mode patch; the only exception is
that the TM10 mode involves equivalent magnetic current densities instead of equivalent electric current densities, but the calculation still gives and identical answer.
Therefore, the array factor for the TM10 y-apertures is

AFy−apertures = 2ejX cos X

(2.123)

where X , k a2 sinθ cosφ. The equivalent magnetic current densities of the yapertures are
Mn̂=−âx = Mn̂=+âx = −E0 ây
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(2.124)

Similar to the TE10 mode, the array factor for the x-apertures is

AFx−apertures = −2jejY sin Y

(2.125)

where Y , k 2b sinθ sinφ. As with the TE10 mode, the y-apertures are termed the
”radiating apertures” and the x-apertures are termed the ”non-radiating apertures”.
2.5.7

Microstrip Patch Cavity Model - Derivation of Radiated Fields for
Dominant TM10 -Mode Patch

The process to obtain the TM10 -mode radiation equations is nearly identical to
the one already discussed for obtaining the TE10 -mode radiation equations. Therefore, most calculation steps are skipped. Using image theory and the field equivalence
principle, the equivalent magnetic current densities for the PMC apertures are calculated as
Mslots = −2n̂ × Eslots = −2E0 ây

(2.126)

The radiation equations for a single aperture are the same for the TM10 and TE10
modes and are given in Equations (2.83)-(2.88). For the TM10 mode, Nθ = Nφ = 0,
Lθ 6= 0, and Lφ 6= 0 due to using equivalent magnetic current densities. Thus, the
single-aperture radiation equations reduce to
Er = 0
jke−jkr
Lφ
4πr
jke−jkr
Eφ =
Lθ
4πr
Eθ = −

(2.127)

Hr = 0

(2.130)

jke−jkr
Lθ
−
4πr
η
!
jke−jkr Lφ
Hφ = −
4πr
η
!

(2.128)
(2.129)
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Hθ =

(2.131)
(2.132)

Solving for Lθ and Lφ are similar to solving for Nθ and Nφ for the TE10 mode, so
only the final result is given. After simplification, Lθ and Lφ become

Lθ = 2E0 (ah) cosθ sinφ ej(Z+Y )

Lφ = 2E0 (ah) cosφ e

j(Z+Y )





sin Z
Z

sin Z
Z





sin Y
Y

sin Y
Y





(2.133)

(2.134)

After applying array theory and making the assumption that h << λ, the final
radiated electric and magnetic fields for a TM10 -mode microstrip patch are given by

Er,T M 10 = 0

(2.135)

jkahE0 e−jkr (X+Y +Z) sin Y
e
cosφ cosX
π
r
Y


jkahE0 e−jkr (X+Y +Z) sin Y
=
e
cosθ sinφ cosX
π
r
Y


Eθ,T M 10 = −
Eφ,T M 10



Hr,T M 10 = 0

(2.137)
(2.138)

jkahE0 1 e−jkr (X+Y +Z) sin Y
e
cosθsinφ cosX
π
η r
Y


jkahE0 1 e−jkr (X+Y +Z) sin Y
=−
e
cosφ cosX
π
η r
Y


Hθ,T M 10 = −
Hφ,T M 10

(2.136)



(2.139)
(2.140)

where the same substitutions in Equations (2.120), (2.121), and (2.122) are used.
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Figure 2.23 depicts the radiation pattern plots for Eθ,T M 10 and Eφ,T M 10 .

Figure 2.23: Principal Plane Cuts of TM10 Radiation Pattern.

2.6

Background Theory Summary

This chapter reviewed the necessary background information and concepts used
for analyzing microstrip patch antennas: the homogeneous wave equation, the electric
and magnetic fields in a cavity, image theory, the field equivalence principle, the
dominant TE and TM modes in a cavity, the microstrip patch cavity model, and the
far-field radiation equations for microstrip patch antennas. These concepts form the
foundation for understanding the simulated and measured results in the following
chapters.
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3

Simulated Results

3.1

Simulated Results Overview

The simulated results are broken up into four sections: an initial set of results
using the preliminary TE-mode patch excited via a conventional L-probe, the TEmode patch excited via an L-strip coplanar with the AMC patch unit cell layer, the
TE-mode patch excited via an L-strip coplanar with the AMC patch ground layer,
and a successful investigation to increase broadside radiation pattern symmetry. All
models and simulations were completed using Ansys HFSS 2022 R1 full-wave electromagnetic software [57].

3.2

Initial TE-Mode AMC Patch Verification

The first set of simulated results pertains to the TE-mode patch that was originally designed and tested in [11]; this model was recreated using the individual unit
cells defined in [40] and revised in [11]. The model was simulated and verified to have
an S11 of -26.13 dB at the desired 4.14 GHz resonance frequency, an approximate
10.22% fractional bandwidth, and a broadside maximum gain of 8.62 dBi. Isometric
and front views of the HFSS model are depicted in Figure 3.1. The |S11 | curve is
shown in Figure 3.2, and total gain radiation patterns for φ = 0◦ , φ = 45◦ , and
φ = 90◦ pattern cuts are shown in Figure 3.3.
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Figure 3.1: (Left) Isometric View and (Right) Front View of the Initial TE-Mode
Antenna Model Excited with Proximity Coupling via an L-Shaped Probe.

Figure 3.2: Initial TE-Mode Patch: S11 Parameter
These simulated results show that the model was recreated successfully and that
the unit cells were correctly implemented to create the AMC patch and AMC ground
plane.
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Figure 3.3: Initial TE-Mode Patch: Total Gain Radiation Patterns at 4.14 GHz for
the φ = 0◦ , φ = 45◦ , and φ = 90◦ Pattern Cuts.

3.3

Coplanar L-Strip Simulated Results: Integration into
the AMC Patch Unit Cell Layer

The second set of simulated results pertains to implementing the L-strip concept
originally introduced in [9] into the AMC patch unit cell layer of the TE-mode
model. According to [19] and based on the results of [9], the fractional -10 dB
bandwidth is expected to increase as a result of additional capacitance introduced
by the rectangular ring cutout around the L-strip. A side view of the TE-mode
antenna with the L-strip coplanar with the AMC patch unit cell layer is depicted in
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.

Figure 3.4: Cross-Section of the TE-Mode Antenna with the L-Strip Integrated into
the Unit Cell Layer of the AMC Patch.
A parametric analysis was completed that varied both the probe location and
the length of the L-strip to realize good impedance matching. Some results for this
analysis are shown in Figure 3.5. A probe location of 4.5 mm from the center of
the ground plane and an L-strip length of 2.5 mm provided the best combination of
bandwidth and S11 at 4.14 GHz for the probe locations and L-strip lengths tested
in the parametric analysis; the L-strip width remained a constant 1.27 mm for all
analysis and simulations. The S11 for the selected parameters is bolded in blue in
Figure 3.5.
Two other parameters that were taken into consideration were the length and
width of the rectangular ring cutout around the L-strip; it was expected that altering
the dimensions of either would affect the capacitance in the equivalent circuit, and
60

Figure 3.5: L-Strip Coplanar with the Unit Cell Layer of the AMC Patch: Parametric
Analysis of Probe Location and L-Strip Length.
thus the impedance matching. However, only minor changes in the S11 were observed
after a parametric analysis that varied both the length and width of the cutout area.
Therefore, the cutout length and cutout width were selected based on preserving the
geometry of the remaining unit cells after removing the cutout portion. The S11 for
several of the cutout length and width combinations can be seen in Figure 3.6.
There were initial concerns about the coplanar L-strip disrupting the periodicity
of the unit cells and altering the surface impedance, but S11 and gain results indicate
that the disruption in this case is minor, assuming the cutout length and width do
not cause the removal of a significant portion of the unit cell layer. Another concern
was the difficulty in fabricating and testing such a setup in which the L-strip is
coplanar with the inward-facing unit cell layer of the AMC patch; this would require
soldering components in a tight area with a small tolerance for error. To alleviate
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Figure 3.6: L-Strip Coplanar with the Unit Cell Layer of the AMC Patch: Parametric
Analysis S11 for the L-Strip Rectangular Ring Cutout Length and Width.
these fabrication concerns, the probe was extended completely through the Rogers
substrate, and the L-strip was integrated into the outward-facing ground layer. This
implementation is discussed in the following sections.
The final selected parameters are: an L-strip length of 2.5 mm, an L-strip width
of 1.27 mm, a probe location of 4.5 mm relative to the center, a rectangular cutout
length of 4.5 mm, and a rectangular cutout width of 2.27 mm. Isometric and top
views of the model with these parameters are shown in Figure 3.7, and the corresponding total gain radiation patterns for the φ = 0◦ , φ = 45◦ , and φ = 90◦ pattern
cuts are depicted in Figure 3.8.
The TE-mode patch with the L-strip integrated into the AMC patch unit cell
layer achieved an S11 of -46.12 dB at 4.14 GHz, a maximum broadside gain of 8.08
dBi at 4.14 GHz, and a fractional bandwidth of 19.36%. Integrating the L-strip into
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Figure 3.7: L-Strip Coplanar with the Unit Cell Layer of the AMC Patch: (Left)
Isometric View and (Right) Top View of the Model.
the unit cell layer realized almost twice the bandwidth as the TE-mode patch using a
conventional L-probe in simulation. More results and comparisons to other models’
results are discussed in the ”Simulated Results Overview and Conclusion” section.
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Figure 3.8: L-Strip Coplanar with the Unit Cell Layer of the AMC Patch: Total
Gain Radiation Patterns at 4.14 GHz for φ = 0◦ , φ = 45◦ , and φ = 90◦ Pattern
Cuts.

3.4

Coplanar L-Strip Simulated Results: Integration into
the AMC Patch Ground Layer

The third set of simulated results pertains to implementing the L-strip concept
into the ground layer of the AMC patch, building on the previous model but realizing
a simpler fabrication process. A cross-sectional view of the antenna with the L-strip
coplanar with the ground layer of the AMC patch is depicted in Figure 3.9. The
probe location and length of the L-strip were varied via multiple rounds of parametric
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analysis and L-strip width remained constant at 1.27 mm; some of the |S11 | curves
from these results are shown in Figure 3.10, the S11 for the final 4.6 mm probe
location, 2.9 mm L-strip length, and 1.27 mm L-strip width being bolded in blue.

Figure 3.9: Cross-Section of the TE-Mode Antenna with the L-Strip Integrated into
the Ground Layer of the AMC Patch.
Another parametric investigation of the length and width of the rectangular ring
cutout around the L-strip was completed, and indicated no significant S11 difference
when only the cutout width was varied. However, significant differences in terms of
the resonant frequency and the overall bandwidth were observed when the length of
the cutout was varied. A cutout length of 4.9 mm and cutout width of 2.77 mm were
selected based on the resulting -28.16 dB S11 and 17.16% fractional bandwidth.
The final selected parameters are: an L-strip length of 2.9 mm, an L-strip width
of 1.27 mm, a probe location of 4.6 mm from the center of the ground plane, a rectangular cutout length of 4.9 mm, and a rectangular cutout width of 2.77 mm. Isometric
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Figure 3.10: L-Strip Coplanar with the Ground Layer of the AMC Patch: Parametric
Analysis of the Probe Location and L-Strip Length.
and top views of the HFSS model are shown in Figure 3.12, and the corresponding
total gain radiation patterns for the φ = 0◦ , φ = 45◦ , and φ = 90◦ cuts are shown in
Figure 3.13; the pattern asymmetry of the φ = 45◦ and φ = 90◦ cuts with respect to
broadside is noted.
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Figure 3.11: L-Strip Coplanar with the Ground Layer of the AMC Patch: Parametric
Analysis S11 for the L-Strip Rectangular Ring Cutout Length and Width.

Figure 3.13: L-Strip Coplanar with the Ground Layer of the AMC Patch: Total Gain
Radiation Patterns at 4.14 GHz for φ = 0◦ , φ = 45◦ , and φ = 90◦ Pattern Cuts.
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Figure 3.12: L-Strip Coplanar with the Ground Layer of the AMC Patch: (Left)
Isometric View and (Right) Top View of the Model.
The TE-mode patch with the L-strip integrated into the AMC patch ground layer
achieved an S11 of -28.16 dB at 4.14 GHz, a maximum broadside gain of 8.02 dBi
at 4.14 GHz, and a fractional bandwidth of 17.16%; these indicate that integrating
the L-strip into the AMC patch ground layer will give similar results as integrating
the L-strip into the AMC patch unit cell layer. Thus, this model was successful
in providing a much simpler fabrication process with minimal sacrifice in simulated
results. More results and comparisons to other models’ results are discussed in the
”Simulated Results Overview and Conclusion” section.
Both sets of gain plots in Figure 3.8 of the previous section and the gain plots in
Figure 3.13 of this section show an asymmetry with respect to the broadside direction
θ = 0◦ for each of the E(φ = 45◦ ) and E(φ = 90◦ ); in other words, the maximum
gain of these pattern cuts is not in the broadside direction. In order to create more
symmetrical pattern cuts, the AMC patch is shifted laterally across the ground plane.
This investigation and its results are discussed in the following section.
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3.5

Broadside Radiation Improvement by Laterally Shifting
AMC Patch Relative to the Ground Plane

The fourth set of simulated results pertains to shifting the AMC patch along
the AMC ground plane in the direction parallel to the patch width; this alleviates
the radiation pattern asymmetry with respect to broadside that is observed for the
pattern cuts at φ = 0◦ and φ = 90◦ in the previous sections. The observed pattern
asymmetry can be attributed to the asymmetry of the L-probe.
Multiple rounds of parametric analysis were completed that varied the position
of the AMC patch (and all its components: vertical probe, L-strip, etc.) with respect
to the AMC ground plane. The AMC patch was first shifted leftward (negative ydirection) and then shifted rightward (positive y-direction). A leftward shift resulted
in further asymmetry in the pattern cuts, whereas a rightward shift resulted in
less asymmetry. Therefore, only the results of the rightward shift are shown and
discussed.
Figure 3.14 compares the overhead views of two TE-mode patch models, one
in which the AMC patch is centered relative to the ground plane, and the other
in which the AMC patch is shifted rightward by 10.5 mm relative to the ground
plane; the value 10.5 mm was selected based on the amount of pattern symmetry
achieved, resulting S11 , fractional bandwidth, and total gain. The |S11 | curves of
some parametric analysis results in which different shift values were simulated are
depicted in Figure 3.15; the shift value 10.5 mm is bolded blue and has an S11 of
-19.31 dB at 4.14 GHz.

69

Figure 3.14: L-Strip Coplanar with the Ground Layer of the AMC Patch: (Left) Top
View of Centered AMC Patch and (Right) Top View of Shifted AMC Patch.

Figure 3.15: L-Strip Coplanar with the Ground Layer of the Shifted AMC Patch:
Parametric S11 Analysis for Different Shift Values.
Figures 3.16 - 3.18 show the results of shifting the patch for the φ = 0◦ , φ = 45◦ ,
and φ = 90◦ gain radiation pattern cuts, respectively, for several shift values. As the
shift value increases, negligible changes between φ = 0◦ patterns cuts are observed,
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small changes in the φ = 45◦ pattern cuts are observed, and significant changes in
the φ = 90◦ pattern cuts are observed. Shifting the patch farther from the center of
the ground plane increased the symmetry between the φ = 0◦ , φ = 45◦ , and φ = 90◦
patterns, but too large of a shift negatively affected the bandwidth and impedance
matching.

Figure 3.16: L-Strip Coplanar with the Ground Layer of the Shifted AMC Patch:
Total Gain at 4.14 GHz for φ = 0◦ Pattern Cut for Parametric Analysis of Different
AMC Patch Shift Values.
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Figure 3.17: L-Strip Coplanar with the Ground Layer of the Shifted AMC Patch:
Total Gain at 4.14 GHz for φ = 45◦ Pattern Cut for Parametric Analysis of Different
AMC Patch Shift Values.

Figure 3.18: L-Strip Coplanar with the Ground Layer of the Shifted AMC Patch:
Total Gain at 4.14 GHz for φ = 90◦ Pattern Cut for Parametric Analysis of Different
AMC Patch Shift Values.
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Figure 3.19 depicts the total gain radiation patterns at 4.14 GHz for the φ = 0◦ ,
φ = 45◦ , and φ = 90◦ cuts for the AMC patch shift of 10.5 mm. A bandwidth of
20.17% was ultimately achieved.

Figure 3.19: L-Strip Coplanar with the Ground Layer of the Shifted AMC Patch:
Total Gain Radiation Patterns at 4.14 GHz for AMC Patch Shift of 10.5 mm.
For the model in which the L-strip is integrated into the ground layer and the
AMC patch is centered, the φ = 45◦ cut has a maximum gain of 8.41 dBi in the
θ = 12◦ direction, and the φ = 90◦ cut has a maximum gain of 8.68 dBi in the
θ = 14◦ direction. When the AMC patch is shifted by 10.5 mm to the right (positive
y-direction), the φ = 45◦ cut has a maximum gain of 8.11 dBi in the θ = −2◦
direction, and the φ = 90◦ cut has a maximum gain of 8.11 dBi in the θ = −2◦
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direction. These results indicate that shifting the AMC patch in this manner has
drastically increased the symmetry of the φ = 45◦ and φ = 90◦ pattern cuts so that
the maximum gain is at or near the broadside direction θ = 0◦ .

3.6

Simulated Results Overview and Conclusion

Summary tables are shown in Tables 1 and 2 that detail each model’s lower -10
dB frequency, center frequency, upper -10 dB frequency, the S11 at the desired 4.14
GHz frequency, bandwidth, maximum gain of each pattern cut and the θ direction
in which they occur, and half-power beamwidths (HPBW) of each pattern cut; the
initial TE-mode patch model, the model with the L-strip integrated into the AMC
patch unit cell layer, and the two models with the L-strip integrated into the AMC
patch ground layer are able to be compared and contrasted.
According Tables 1 and 2, incorporating the coplanar L-strip increased the bandwidth significantly compared to the conventional L-probe; the shifted version of the
AMC patch has the highest at 20.17%, compared to 10.22% for the conventional
L-probe. The S11 for two of the three coplanar L-strip cases are better than the conventional L-probe, the case of the shifted AMC patch having a worse S11 value. All
three coplanar L-strip cases have between 0.1-0.6 dBi loss in gain when compared
to the conventional L-probe model, but this loss is minimal when considering the
bandwidth gained.
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Table 1: Frequencies, Bandwidth, and S11 for Each of the Four Simulated TE-Mode
Antennas.
Model
Initial TE
Mode Patch
L-Strip in
Unit Cell
Layer
L-Strip in
Ground
Layer, AMC
Patch
Centered
L-Strip in
Ground
Layer, AMC
Patch Shifted

Lower -10
dB
Frequency

Center
Frequency

Upper -10
dB
Frequency

Bandwidth

S11

3.97 GHz

4.19 GHz

4.40 GHz

10.22%; 428
MHz

-26.13 dB

3.95 GHz

4.37 GHz

4.80 GHz

19.36%; 847
MHz

-46.11 dB

3.96 GHz

4.33 GHz

4.70 GHz

17.16%; 743
MHz

-28.16 dB

3.91 GHz

4.35 GHz

4.79 GHz

20.17%; 878
MHz

-19.31 dB

Table 2: Maximum Gains and HPBWs for Each of the Four Simulated TE-Mode
Antennas.

Model

Initial TE
Mode Patch
L-Strip in
Unit Cell
Layer
L-Strip in
Ground
Layer,
AMC Patch
Centered
L-Strip in
Ground
Layer,
AMC Patch
Shifted

Max Gain
of φ = 0◦
Cut and
Direction
θ
8.62 dBi at
θ = 0◦

Max Gain
of φ = 45◦
Cut and
Direction
θ
8.74 dBi at
θ = 6◦

Max Gain
of φ = 90◦
Cut and
Direction
θ
8.84 dBi at
θ = 8◦

8.08 dBi at
θ = 0◦

8.49 dBi at
θ = 10◦

8.02 dBi at
θ = 0◦

8.11 dBi at
θ = 0◦

HPBW
of
φ = 0◦
Cut

HPBW
of
φ = 45◦
Cut

HPBW
of
φ = 90◦
Cut

71.94◦

66.75◦

62.73◦

8.74 dBi at
θ = 14◦

79.03◦

64.49◦

60.54◦

8.41 dBi at
θ = 12◦

8.68 dBi at
θ◦ = 14◦

79.68◦

65.43◦

61.23◦

8.11 dBi at
θ = −2◦

8.11 dBi at
θ = −2◦

73.82◦

73.97◦

70.55◦
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3.7

Simulated Results Summary

This chapter reviewed and discussed four separate TE-mode patch simulations:
the initial AMC unit cell patch designed in [10] and [11] excited by a conventional
L-probe, the AMC unit cell patch excited with an L-strip coplanar with the AMC
patch unit cell layer, the AMC unit cell patch excited with an L-strip coplanar with
the AMC patch ground layer, and the unit cell patch shifted along the ground plane
excited with an L-strip coplanar with the AMC patch ground layer. Parametric
analysis, S11 , and antenna pattern gain results are shown. Fractional bandwidth,
S11 , gain, and HPBW results for each simulated antenna are tabulated, compared,
and discussed.
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4

Measured Results
This chapter details the measured results taken for the two fabricated antennas

in the Spherical Near-Field Anechoic Chamber at the University of Alabama in
Huntsville. Each antenna has its own section including pictures, S11 results, and
total gain results. The measured results are overlaid and compared to the results
obtained from the corresponding simulations.

4.1

Coplanar L-Strip Measured Results: Integration in the
Ground Layer with Centered AMC Patch

The first antenna fabricated was the TE-mode antenna with the L-strip coplanar
with the ground layer of the center-aligned AMC patch. An image of the unit cell
layers of the AMC ground and AMC patch is seen in Figure 4.1, and an image of
the ground layers of the AMC ground and AMC patch is seen in Figure 4.2.
The measured S11 is compared to the simulated S11 in Figure 4.3. The fabricated
antenna has an S11 of -28.71 dB at 4.14 GHz and a fractional bandwidth of 14.98%,
compared to the simulated S11 of -28.16 dB at 4.14 GHz and fractional bandwidth
of 17.16%. The measured gain results were obtained using the Spherical Near-Field
Anechoic Chamber at the University of Alabama in Huntsville; Figure 4.4 shows a
fabricated antenna under test in the chamber.
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Figure 4.1: Fabricated Antenna with L-Strip Coplanar with Centered AMC Patch:
Unit Cell Layers of the (Left) AMC Ground and (Right) AMC Patch.

Figure 4.2: Fabricated Antenna with L-Strip Coplanar with Centered AMC Patch:
Ground Layers of the (Left) AMC Ground and (Right) AMC Patch.
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Figure 4.3: Fabricated Antenna with L-Strip Coplanar with Centered AMC Patch:
Measured S11 Compared to the Simulated S11 .

Figure 4.4: A Photograph of the Centered Patch Antenna Under Test in the Spherical
Near-Field Anechoic Chamber at the University of Alabama in Huntsville.
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Measured radiation pattern gain results at 4.14 GHz are compared to the simulated gain results and are shown in Figure 4.5. The maximum gain in the broadside
direction for the φ = 0◦ cut is 8.01 dB, which aligns with the simulated results. Both
the measured φ = 45◦ and φ = 90◦ cuts have maximum gains that occur 9◦ and
12◦ off-broadside, respectively; this is also in good agreement with simulated results.
The approximate HPBWs for the measured patterns are 72◦ , 66◦ , and 60◦ for the
φ = 0◦ , φ = 45◦ , and φ = 90◦ cuts respectively.

Figure 4.5: Fabricated Antenna with L-Strip Coplanar with Centered AMC Patch:
Measured Vs. Simulated Radiation Pattern Gain Results for φ = 0◦ , φ = 45◦ , and
φ = 90◦ Cuts at 4.14 GHz.
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The measured S11 and measured radiation gain pattern results are shown to be
in good agreement with the simulations; thus, integrating an L-strip coplanar with
the AMC patch successfully excites the dominant TE10 . The tables shown in the
”Measured Results Overview and Conclusion” section contain all the information
comparing the measured S11 and gain results of the two fabricated antennas to their
corresponding simulation results.

4.2

Coplanar L-Strip Measured Results: Integration in the
Ground Layer with Shifted AMC Patch

The second antenna fabricated also contains the L-strip coplanar with the ground
layer of the AMC patch, where the patch is shifted 10.5 mm with respect to the
ground plane in the direction parallel to the patch width. An image of the unit cell
layers of the AMC ground and shifted AMC patch is seen in Figure 4.6, and an image
of the ground layers of the AMC ground and shifted AMC patch is seen in Figure
4.7.
The measured S11 results for this antenna are shown in Figure 4.8. The resonant
frequency of the fabricated antenna is closer to the desired 4.14 GHz than the simulated model, giving an S11 of -26.17 dB, compared to a simulated S11 of -19.31 dB.
However, the -10 dB impedance bandwidth decreased from 20.17% for the simulation
to 11.29% for the fabricated antenna; it is noted that over 50% of the simulated S11
used for the impedance bandwidth calculation is approximately between -10 dB to
-12.5 dB and very close to the -10 dB cutoff for the impedance bandwidth. A second resonant frequency can be seen in both the simulated and measured S11 results,
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occurring between 4.6 GHz and 4.75 GHz.

Figure 4.6: Fabricated Antenna with L-Strip Coplanar with Shifted AMC Patch:
Unit Cell Layers of the (Left) AMC Ground and (Right) AMC Patch.

Figure 4.7: Fabricated Antenna with L-Strip Coplanar with Shifted AMC Patch:
Ground Layers of the (Left) AMC Ground and (Right) AMC Patch.
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Figure 4.8: Fabricated Antenna with L-Strip Coplanar with Shifted AMC Patch:
Measured S11 Versus Simulated S11
The measured radiation gain pattern results at 4.14 GHz are compared to the
simulated results and are shown in Figure 4.9 and indicate that shifting the patch
was successful in increasing the symmetry about θ = 0◦ for the φ = 45◦ and φ = 90◦
pattern cuts; each pattern cut now has a maximum gain of 8.07 dBi in the θ = 0◦
direction, which is marginally better that the simulated results in terms of direction.
The calculated HPBWs for the measured φ = 0◦ , φ = 45◦ , and φ = 90◦ pattern cuts
are 69◦ , 72◦ , and 69◦ , respectively.
The measured gain results and corresponding pattern symmetry are shown to be
in good agreement with the simulated gain results; thus, shifting the AMC patch
successfully increased the symmetry of the radiation pattern with respect to broadside. The measured S11 is in agreement with the simulation, but a lower -10 dB
impedance bandwidth was measured; this is likely attributable to a large portion of
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Figure 4.9: Fabricated Antenna with L-Strip Coplanar with Shifted AMC Patch:
Measured vs. Simulated Gain Radiation Patterns for φ = 0◦ , φ = 45◦ , and φ = 90◦
Cuts at 4.14 GHz.
the simulated S11 being very close to the -10 dB impedance bandwidth cutoff. The
tables shown in the ”Measured Results Overview and Conclusion” section contain all
the information comparing the measured S11 and gain results of the two fabricated
antennas to their corresponding simulation results.

4.3

Measured Results Overview and Conclusion

The measured results for the two fabricated antennas and their corresponding simulation results are tabulated and shown in Tables 3 and 4. Table 3 shows the lower
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-10 dB frequency, the center frequency, the upper -10 dB frequency, the impedance
bandwidth, and the S11 at the desired 4.14 GHz. Table 4 shows the maximum radiation pattern gain, the direction of the maximum gain, and the HPBW for each of
the φ = 0◦ , φ = 45◦ , and φ = 90◦ radiation pattern cuts.

Table 3: Frequencies, Bandwidth, and S11 for the Measured and Simulated TEMode Antennas with the L-Strip Coplanar with the Ground Layer of the Centered
and Shifted AMC Patches.
Model
Measured:
AMC Patch
Centered
Simulated:
AMC Patch
Centered
Measured:
AMC Patch
Shifted
Simulated:
AMC Patch
Shifted

Lower -10
dB
Frequency

Center
Frequency

Upper -10
dB
Frequency

Bandwidth

S11

3.91 GHz

4.23 GHz

4.54 GHz

14.98%; 633
MHz

-28.71 dB

3.96 GHz

4.33 GHz

4.70 GHz

17.16%; 743
MHz

-28.16 dB

3.95 GHz

4.19 GHz

4.42 GHz

11.29%; 473
MHz

-26.17 dB

3.91 GHz

4.35 GHz

4.79 GHz

20.17%; 878
MHz

-19.31 dB

According to the results in Tables 3 and 4, both fabricated antennas agree with
their simulated results in terms of S11 , maximum gain, radiation pattern shape, and
radiation pattern symmetry; the only exception is the -10 dB impedance bandwidth
for the shifted patch case, in which the simulation had approximately 44% more
bandwidth than the measured results. However, this S11 discrepancy can likely be
attributed to over half of the simulated S11 being very near the -10 dB impedance
bandwidth cutoff. These measured results ultimately show a successful fabrication
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Table 4: Maximum Gains and HPBWs for the Measured and Simulated TE-Mode
Antennas with the L-Strip Coplanar with the Ground Layer of the Centered and
Shifted AMC Patches.

Model

Measured:
AMC Patch
Centered
Simulated:
AMC Patch
Centered
Measured:
AMC Patch
Shifted
Simulated:
AMC Patch
Shifted

Max Gain
of φ = 0◦
Cut and
Direction
θ

Max Gain
of φ = 45◦
Cut and
Direction
θ

Max Gain
of φ = 90◦
Cut and
Direction
θ

HPBW
of
φ = 0◦
Cut

HPBW
of
φ = 45◦
Cut

HPBW
of
φ = 90◦
Cut

8.01 dBi at
θ = 0◦

8.25 dBi at
θ = 9◦

8.43 dBi at
θ = 12◦

72◦

66◦

60◦

8.02 dBi at
θ = 0◦

8.41 dBi at
θ = 12◦

8.68 dBi at
θ◦ = 14◦

79.68◦

65.43◦

61.23◦

8.07 dBi at
θ = 0◦

8.07 dBi at
θ = 0◦

8.07 dBi at
θ = 0◦

69◦

72◦

69◦

8.11 dBi at
θ = 0◦

8.11 dBi at
θ = −2◦

8.11 dBi at
θ = −2◦

73.82◦

73.97◦

70.55◦

and assembly of the designed TE-mode antennas.

4.4

Measured Results Summary

This chapter reviewed and discussed the measured results of the fabricated prototype antennas. The results for the centered and shifted TE-mode patches with
the L-strip integrated into the ground layer are compared and validated against the
simulated results. Antenna and radiation parameters were tabulated and compared
between the measured and simulated results; the measured results are in agreement
with the simulations, thus showing that an L-strip coplanar with an AMC patch can
be successfully fabricated and operated.
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5

Overview and Concluding Remarks
In this thesis, the excitation of a TE-mode microstrip patch antenna via a copla-

nar L-strip is investigated, simulated, fabricated, and measured. First, an initial
TE-mode microstrip antenna is simulated and verified with the results of [11]. Then
the L-probe is replaced with an L-strip coplanar with the AMC patch unit cell layer,
resulting in similar simulated gain and almost double the simulated impedance bandwidth of the initial patch. Next, the L-strip is integrated into the AMC patch ground
layer, realizing simpler fabrication while maintaining similar simulated gain and simulated impedance bandwidth results when compared with the L-strip coplanar with
the AMC unit cell layer; this antenna was fabricated and measured, and the measured
results were in good agreement with the simulation. Due to the L-probe asymmetry,
the maximum gain of the simulated and measured φ = 45◦ and φ = 90◦ radiation
pattern cuts is not in the broadside θ = 0◦ direction, indicating asymmetry with
respect to the φ = 0◦ cut. The pattern asymmetry was compensated for by shifting
the AMC patch laterally across the AMC ground plane along the direction parallel
to the AMC patch width; this antenna was simulated and fabricated. The simulated
and measured results of the shifted AMC patch are in agreement that shifting the
patch significantly increased the pattern symmetry in that the φ = 45◦ and φ = 90◦
pattern cuts now have their maximum gain in the broadside direction.
Therefore, this thesis has successfully excited the TE10 mode by combining the
coplanar L-strip concept in [9] with the TE-mode microstrip antenna given in [10] and
[11]; this thesis has also successfully increased the radiation gain pattern symmetry
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of such an antenna. It is shown in [11] that the initial TE-mode patch requires
approximately 44% less surface area than a TM-mode patch at the same frequency.
Therefore, this thesis shows that using a TE-mode patch in combination with an
L-strip coplanar with the AMC patch layer can both reduce the antenna size and
fabrication complexity while increasing bandwidth.
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6

Future Work
This chapter discusses several potential ideas for future work that build off the

results contained in this thesis.

6.1

Excitation of Higher-Order TE Modes Utilizing the Coplanar L-Strip Concept

One topic of future work is the excitation of the higher-order TE20 mode using the
L-strip coplanar with the AMC ground layer. To excite the TE20 at 4.14 GHz, the
length of the patch must be extended to λd ; for exciting the dominant TE10 mode,
the AMC patch length is close to

λd
.
2

A length comparison of the current TE10

patch and proposed TE20 patch are depicted in Figure 6.1. This work is currently in
progress, and results seem promising; however, more analysis on increasing the TE20
mode purity needs to be completed.
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Figure 6.1: Size Comparison of the (a) Dominant TE10 Mode Patch and (b) the
Higher-Order TE20 Mode Patch.

6.2

AMC Patch at a Different Frequency

The AMC patch antenna proposed in this thesis has a desired frequency of 4.14
GHz. Another frequency, such as an X-band radar frequency (8-12 GHz) could be
realized. The dimensions of the unit cell must be altered to obtain a reflection phase
between ±45◦ in order for the unit cell to operate as a PMC at X-band. A unit cell
was originally designed for operation at 10 GHz, at which the phase reflection was a
near 0◦ ; in this case, low contrast dielectric materials are to be chosen for fabrication
purposes in practice. Other frequencies in the S (2-4 GHz) or C (4-8 GHz) radar
bands could also be investigated and fabricated.
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6.3

Elements of a Phased Array

The AMC patch antenna proposed in this thesis could be used as an element
in a phased array antenna, as the excitation method is more easily fabricated and
could be expanded to a large substrate layer in which multiple AMC patches can
be printed. More analysis would need to be completed concerning the asymmetry
of the radiation pattern, as an asymmetrical element pattern could give strange and
undesired results, especially if the array is steered from broadside; metasurfaces may
need to be incorporated to make the element pattern more symmetric. More analysis
would also need to be completed on how shifting the AMC patch with respect to
the ground plane (in order to compensate for pattern asymmetry) would affect a
multiple-element system. Array analysis could be completed in HFSS using array
factor calculations, or the array could be explicitly modeled and simulated.
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Appendix A: Transverse Electric (TE) Modes in a
Cavity
The transverse electric (TE) mode is a field configuration in which the electric
field exists only in directions that are normal to the direction of propagation in a
waveguide; for a cavity, in which there is no propagation, the z-direction is selected
for simplicity so that the electric field exists only in the x- and y-directions. Figure
A.1, redone from [53], shows the electric and magnetic field vector components of
the TE mode. Since all electric field components must be transverse (normal) to
the z-direction, Ez = 0. Therefore, only the magnetic field has a component in the
z-direction, that is, Hz 6= 0.

Figure A.1: E and H Field Vectors Representing the TE-Mode for the Z -Direction.
Since the cavity model of a TE-mode patch is represented by a PMC patch
on a PEC cavity containing PEC side walls perpendicular to a PMC ground, the
boundary conditions for the PEC side walls are used; these state that the tangential
components of the electric field must be zero. The boundary conditions of PEC side
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walls are given by
Ex = 0 when y = 0

(A.1)

Ey = 0 when x = 0

(A.3)

Ex = 0 when y = b

(A.2)

Ey = 0 when x = a

(A.4)

To find the value of Hz , the boundary condition in Equation (A.1) is applied to
Equation (2.58) such that
Ex =

−j ∂Hz
∂Hz
= 0 =⇒
=0
ωε ∂y
∂y

(A.5)

Then the derivative is applied to Hz with y = 0, which gives
∂Hz
∂
=
[AH cos(kx x) + BH sin(kx x)][CH cos(ky y) + DH sin(ky y)] = 0 (A.6)
∂y
∂y
∂Hz
= [AH cos(kx x) + BH sin(kx x)][−CH ky sin(ky y) + DH ky cos(ky y)] = 0 (A.7)
∂y
∂Hz
= [AH cos(kx x) + BH sin(kx x)][−CH ky sin(ky · 0) + DH ky cos(ky · 0)] = 0
∂y




(A.8)
∂Hz
= [AH cos(kx x) + BH sin(kx x)][DH ky ] = 0
∂y

(A.9)

Therefore, it is determined that DH = 0. Next, the boundary conditions given in
(A.2) are applied to Equation (2.59), which gives
Ey =

j ∂Hz
∂Hz
= 0 =⇒
=0
ωµ ∂x
∂x
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(A.10)

Similarly, the derivative is applied to Hz with x = 0, which gives
∂Hz
∂
=
[AH cos(kx x) + BH sin(kx x)][CH cos(ky y) + DH sin(ky y)] = 0 (A.11)
∂x
∂x
∂Hz
= [−AH kx sin(kx x) + BH kx cos(kx x)][CH cos(ky y) + DH sin(ky y)] = 0 (A.12)
∂x
∂Hz
= [−AH kx sin(kx · 0) + BH kx cos(kx · 0)][CH cos(ky y) + DH sin(ky y)] = 0
∂x
(A.13)




∂Hz
= [BH kx ][CH cos(ky y) + DH sin(ky y)] = 0
∂x

(A.14)

Therefore, it is determined that BH = 0. Substituting DH = 0 and BH = 0 into
the original Hz equation in (2.45) gives the final form of the z-component of the
magnetic field, namely
Hz = H0 cos(kx x) cos(ky y)

(A.15)

To determine the argument of the first cosine term, kx , the boundary condition given
by Equation (A.4) is applied to Equation (A.15), giving
∂Hz
= −H0 kx sin(kx x) cos(ky y) = 0
∂x
mπ
, where m = 0, 1, 2, 3, ...
sin(kx a) = 0 −→ kx a = mπ −→ kx =
a
Ey =

(A.16)
(A.17)

To determine the ky in the second cosine term in Hz , the boundary condition given
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by Equation (A.2) is applied to Equation (A.15), giving
∂Hz
= −H0 ky cos(kx x) sin(ky h) = 0
∂y
nπ
sin(ky b) = 0 −→ ky b = nπ −→ ky =
, where n = 0, 1, 2, 3, ...
b

Ex =

(A.18)
(A.19)

Finally, substituting (A.16) for kx and (A.18) for ky in Equation (A.15), gives the
final form of the magnetic field in the z-direction for the TE-mode.
mπx
Hz = H0 cos
a




nπy
cos
b




(A.20)

Now that Hz is known, the transverse electric field components Ex and Ey can
be solved since they are both functions of Hz . Equation (2.58) then becomes
−j ∂Hz
−j ∂
mπx
Ex =
=
H0 cos
ωε ∂y
ωε ∂y
a




jnπH0
mπx
nπy
Ex =
cos
sin
bωε
a
b






nπy
cos
b




(A.21)
(A.22)

and Equation (2.59) becomes
j ∂
mπx
nπy
j ∂Hz
=
H0 cos
cos
ωε ∂x
ωε ∂x
a
b




−jmπH0
mπx
nπy
Ey =
sin
cos
aωε
a
b

Ey =











(A.23)
(A.24)

Because Ez = 0 and the assumption was made that the height of the substrate is
much smaller than the operating wavelength (i.e., h << λ), it is concluded that
Hx ' 0 and Hy ' 0 since Hx and Hy only depend on derivatives with respect to z
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when Ez = 0, as shown in Equations (2.50) and (2.51), respectively. Therefore, the
final form of all components of the electric and magnetic fields for a TE-mode cavity
are given by

mπx
jnπH0
nπy
cos
sin
hωε
a
b




mπx
nπy
−jmπH0
sin
cos
Ey =
wωε
a
b


Ex =







(A.25)
(A.26)

Ez = 0

(A.27)

Hx ' 0

(A.28)

Hy ' 0
Hz = H0 cos

(A.29)


mπx
a





cos

nπy
b



(A.30)

where m = 0, 1, 2, 3,... and n = 0, 1, 2, 3,... and represent the number of half-wave
cycles along the x- and y-directions.
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Appendix B: Transverse Magnetic (TM) Modes in
a Cavity
The transverse magnetic (TM) mode is a field configuration in which the magnetic
field exists only in directions that are normal to the direction of propagation in a
waveguide; for a cavity, in which there is no propagation, the z-direction is selected
for simplicity so that the magnetic field exists only in the x- and y-directions. Figure
B.1, redone from [53], shows the electric and magnetic field vector components for
the TM mode. Since all magnetic field components must be transverse (normal) to
the z-direction, Hz = 0. Therefore, the only the electric field has a component in
the z-direction, that is, Ez 6= 0.

Figure B.1: E and H Field Vectors Representing the TM-Mode for the Z -Direction.
Since the cavity model of a TM-mode patch is represented by a PEC patch on a
PMC cavity containing PMC side walls perpendicular to a PEC ground, the PMC
boundary conditions must be used.
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The PMC boundary conditions state that the tangential components of the magnetic
field must be zero and are given by
Hx = 0 when y = 0

(B.1)

Hy = 0 when x = 0

(B.3)

Hx = 0 when y = b

(B.2)

Hy = 0 when x = a

(B.4)

The process for finding Ez for the TM-mode is nearly identical to process of
finding Hz for the TE-mode given in Appendix A. Therefore, to limit repetitiveness,
only some steps will be shown. Applying boundary conditions given in Equation
(B.1) and Equation (2.56) yields
Hx =

∂Ez
j ∂Ez
= 0 =⇒
=0
ωε ∂y
∂y

(B.5)

Then the derivative is applied to the Ez with y = 0, which gives
∂Ez
∂
=
[AE cos(kx x) + BE sin(kx x)][CE cos(ky y) + DE sin(ky y)] = 0
∂y
∂x




(B.6)

and it is determined that DE = 0. Next, the boundary conditions given in Equation
(B.2) are applied to Equation (2.57), giving
Hy = −

j ∂Ez
∂Ez
= 0 =⇒
=0
ωµ ∂x
∂x

(B.7)

Then the derivative is applied to Ez with x=0 and DE = 0
∂Ez
∂
=
[AE cos(kx x) + BE sin(kx x)][CE cos(ky y)] = 0
∂x
∂x




103

(B.8)

and it is determined that BE = 0. Substituting DE = 0 and BE = 0 into the original
Ez in Equation (2.44) gives
Ez = E0 cos(kx x) cos(ky y)

(B.9)

Solving for kx and ky similarly to that of the TE-mode yields the final form of the
z-component of the electric field for the TM-mode; this is given by
mπx
Ez = E0 cos
a




nπy
cos
b




(B.10)

Since Ez is known, the transverse components, Hx and Hy , can be solved because
they are both functions of Ez . Therefore, Hx in Equation (2.56) becomes
j ∂Ez
j ∂
mπx
nπy
Hx =
=
E0 cos
cos
ωε ∂y
ωε ∂y
a
b




jnπE0
mπx
nπy
Hx = −
cos
sin
bωε
a
b










(B.11)
(B.12)

and Hy in Equation (2.57) becomes
j ∂
j ∂Ez
mπx
=
E0 cos
ωε ∂x
ωε ∂x
a




mπx
nπy
jmπE0
Hy =
sin
cos
aωε
a
b
Hy = −









cos

nπy
b



(B.13)
(B.14)

Because Hz = 0 and the assumption was made that the height of the substrate is
much smaller than the operating wavelength (i.e., h << λ), it is concluded that
Ex ' 0 and Ey ' 0, since Ex and Ey only depend on derivatives with respect to z
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when Hz = 0, as shown in Equations (2.53) and (2.54). Therefore, the final form of
all components of the electric and magnetic fields for a TM-mode cavity are given
by

Ex ' 0

(B.15)

Ey ' 0
Ez = E0 cos

(B.16)


mπx
a





cos

nπy
b



(B.17)

jnπE0
mπx
nπy
cos
sin
bωε
a
b




jmπE0
mπx
nπy
sin
cos
Hy =
aωε
a
b

(B.18)

Hz = 0

(B.20)

Hx = −









(B.19)

where m = 0, 1, 2, 3,... and n = 0, 1, 2, 3,... and represent the number of half-wave
cycles along the x- and y-directions.
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